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NEW MEASURES OF DIRECTED AND SYMMETRIC-DIVERGENCE 
BASED ON m PROBABILITY DISTRIBUTIONS 


J. N. Kapur AND G. P. TRIPATHI 
Department of Mathematics, Indian Institute of Technology, Kanpur 208016 


(Received 5 March 1987; after revision 30 December 1987) 


Vinocha and Goyal® had recently defined a generalised measure of directed 
divergence based on m probability distributions P, P,,-.-,Pm. The present 
paper gives a new interpretation of this measure in terms of the distribution 
P* which is ‘closest’ to Po, P2,++»,Pm_,. It also gives a more general measure 
of directed divergence and another general measure of symmetric divergence 
based on Py, P2,---, Pm. Both these measures have very meaningful and 
natural interpretations. Relations between these measures and Taneja’s 
measure of information improvement due to WN revisions are also established. 


1. VINOCHA AND GOYAL’S MEASURE OF GENERALISED 
DIRECTED DIVERGENCE 


Let P,, P.,...,P,, be m probability distributions, where 


Pr = (Pyry Pars---»Pmr)3 1 = 1, 25-045 M, watt) 


then Vinocha and Goyal’ defined a measure of generalised directed divergence based 
on these m probability distributions by 


n m-1 n 
Dy (P35 Pays Pn) = > pn in 2 — ( - S pn in ri | 
m. os k=2 i=) 
kK€r eal 2) 
m-1 
A ed At Be hos I (P,; Px) ms), 


k#2 


where / (P1; P,,, Pr) is Theil’s* measure of information improvement, when the true 
distribution is P; and its estimate is revised from Pm to Pr and J (P,; Px) is Kerridge’s® 
measure of inaccuracy of P, relative to Px. 

Measure (3) was called “the information in ™ distributions space, as the first 


term on the right hand side of (3) is the improvement information of three distribu- 
tions 1, r and m and the second term is the inaccuracy of the remaining’. 
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It is true that the measure (3) depends on all the m distributions and it can measure 
some information connected with these distributions, but unless the nature of this 
information is clear, its characterisation is open to the following criticism of Aczel’. 


“T wish to urge here caution with regard to generalisations in general, and in 
particular with regard to those introduced through characterisation. In the best of 
all possible worlds, there is an information measure, which comes from an applied 
problem, it has interesting properties (usually attractive reasonable generalisations of 
properties of Shannon entropy or of similar widely used measures) and these properties 
characterise it. Less ideal, but still acceptable in my opinion is the following situation. 
Some natural looking weakening or generalisation of the properties characterising 
Shannon-type measures are isolated and all measures having these properties are 
determined. If the properties are indeed intuitive and significant, then there is a good 
chance that the measures thus obtained may have future applications. What many 
authors seem to do is to contrive some generalisation of known information measures, 
derive its often not very interesting or natural and also often not very attractive 
properties and then characterise, by several of these properties the measure which they 
have defined in the first place. Not many good or useful results can be expected from 
this kind of activity’’. 


The essence of a measure is not its characterisation, but it lies in the interesting, 
useful and meaningful properties it may possess. 


Let P; be the true distribution and let P,, be its initial estimate. Let P,, be 
revised to P,, then there is an information improvement 


ics Pas 
P, 
I (P1; Pps Pr), : ...(4) 
: Ps 
P, P, ‘Fig. 1 


which gives a measure of how much closer P, is to P, as compared with the ‘distance’ 
of P., from P,, 


However we also know P., Pais lreig Bate »P,,-; and from (4), we subtract the 

total inaccuracy of P, relative to Pa, ester Pr+i,-..5Pm—, to get the measure (3) 

. . d 

but It is not clear why we should subtract the inaccuracies and not e.g. the directed 
divergences. 


It also appears from the definition th 
at the measure (3) ma 
choice of the distribution P,. (3) may depend on the 


4: AN ALTERNATIVE INTERPRETATION OF THE MEASURE 
We can simplify (2) to get 
m~y n 


Di (PsP a nsPe) 0d = pry ln pr — Spr, in pim 
i= fel 


Tm? 


(equation contiuned on Pp. 619) 
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= 5 Pn In 22 Pi3,.+-» Pim-1 
Pim 


bent | 


i palin 
= (m — 2) Pal PrintPigPa,.<y Pie) 


— 2 Pu In Pim (5) 
= (m — 2) 5 Pin In = aay Say ...(6) 


(Lea 


where p* is the geometric mean of the ith components of distributions Pahgpiovles 
Let 

Sha 

ei ee AD) 
so that 

. Do Ba Pa 

is a probability distribution. We can write (5) as 

D, (Py, Ps, - 5 Pm) = (m — 2)1n A — (m — 2) 1 (Pi, P*) + 1 (Pa Pel 

...(9) 

so that D, (P;, Ps,..., P») can be interpreted in terms of the inaccuracies of P; relative 
fo-F* and P,,. 


The factor (m — 2) on the R.H.S. of the second term may be explained on the 
basis that P* is based on (m — 2) distributions P,, P3,.-., Pm-.. We now seek an 
interpretation for the distribution (ee 


3. AN INTERPRETATION OF THE DISTRIBUTION P* 


The sum of Kullback-Leibler® directed divergences of a distribution P form 


Po, Ps,.--, Pm is given by 


m—1 
S DP: Pe) = > S ain Be 
r=2 =2 j=l Als 


(equation continued on p. 620) 
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= (m — 2) y pin pi — At Pi IM Pi2y Pi3s--+» Pim-1 
=) — 


= (m= 2) % pin py - (m—2) & prinpt 
tel i= 


= (m — 2) [> Pi | in or — In 4]| ...(10) 


= (m — 2) (> piln ee —In A entity 








This is minimum when P = P*, 


Thus P* is the distribution, the sum of the directed divergences from which to the 
(m — 2) distributions P2,..., P,,-, is minimum. It is in some sense, the distribution 
which is closest to the (m — 2) distributions. 


4. AN ALTERNATIVE INTERPRETATION OF D, (Pi, Peat rests 
As such from (9), the measure 


D, (P, Ps,...,P,,) can be interpreted = constant (depending on P,,.. ,Pm-1) 
—- (m — 2) inaccuracy of P, with respect to P* + inaccuracy of P; with 


respect to P,,. etre 
Now 

1 (Py, P*) = H(P;) + D(P,, P*) ...(13) 

I(P,, P,) = H(P,) + D (Py, Pm) (14) 


so that (9) gives 
Di APs Psy i0 Pa) == — 2) in (m — 3) H (P;) 


— (m — 2) D(P, P*) + D(P,, P,) (15) 


which gives an interpretation of cee ern 


), but it is not obvious why we should 
consider the measure at all as a measure of 


net information in the m distributions. 


5. AN ALTERNATIVE MEASURE OF GENERALISED DIRECTED DivERGENCE 
Let P, be the true distribution and let i 


Pm-, be any m — 2 revised estimates of P,, t 
mation are 


ts initial estimate be Pap Bet Pe Paes 
hen the (m — 2) improvements of infor- 


I (P\; Pm, Peli IP; le Pe ivees I (Pi; ce Pm-,) 
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and the average of these is given by 


n 


m~) 
I Sy .: 
D Pe Fs is Pi. SS ea Pir 
2 (P;, Ps ) (m — 2) Pir In Pim 


r™=2 i=) 











! S Piay-. »Pim—y 
== Pi In > > _- 
m i. 2 9 
( ) i=1 Pint 
1 S pee : pt 
pea, Pi iD om — » Pir In pik 
{=1 Pim =) 


..(16) 





: pilA 
za Sy pn In —— + In A=I (P); Pm, P*) + In A. 


im 


i=l (17) 
It is thus observed that 
(i) Ds (Pi, Po, --,P,) differs from D, (P2,..., Pm) in only having p; in place of 
7 an) 


(ii) It has meaningful interpretation in terms of the improvement of information 
in revising the estimate of Pi from P,, to P*, where P* is the distribution closest to 
Plas Ps. 


(iii) We can define another measure of generalised directed divergence as 





DEG Pale PG Pent) ...(18) 
(iv) We can define still another measure of generalised directed divergence by 
Dir abret.) mI Piha, P) seh 9) 
when 
er pt bused BR FP not ...(20) 
) -m—2 


(v) In all these measures, Pi? ,..F -94 Can be permuted among themselves. 


6. MEASURES OF GENERALISED SYMMETRIC DIVERGENCE 


In the above measures, we can interchange Po, P3,.--» Pm—1 among themselves, 
but we cannot interchange P,, P,, between themselves. However consider the measure 
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J, (Pa Pes “Out Pn) is D, (Pa; Pay cxs5 Pim-i; Ps) + Dz (Pms Proyeeey Pn-1 P,) 





: yoo Py 
= ») Pi in oe sie > Pim ee ..(21) 
i=1 i=1 
Te (P., PaysecsP) = Du (Pepto Pos) en ge eae pee 
= 1 (P,; Pm, P) + I (Pm; P,, P) met 74 
Jy (Piy Pas-cs Py) = Di (Pie Pm) Dili MD eek OF CY 
= 1(P; Pm, P) + I (Pm; P,P). 03) 


These are all symmetric in the sense that P,, Pm can be interchanged between them- 
selves. 


7. COMPARISON WITH TANBJA’S MEASURE 


Taneja’s had earlier defined the measure D, (P,, P.,..., Pm) in the some way as 
we have done, but he did not expressit in terms of the information improvement 
I (P,; P,,, P*) with the result that he characterised it and studied its properties. The 
exercise is not needed, once it is noted that it is just a measure of information improve- 
ment involving three distributions. 


Now since the geometric mean of m positive numbers < their arithmetic mean, 
we get 


i = 
PS = (Pie Piaye005 Pimn-1" 2S (Dig + Piatt. + Pim-r)[\(m — 2) 


..(24) 
so that 
1 m m m 
A= > a o90) STE eS Piz + > Pott >. Pim-1 ) =) 
a Fe er Sa Ray AY 
and 
In A <= 0, (26) 
Now from (17) and (26) 
D; (Pi, Pry ‘ Pm) S I(P,; Pins rary 7é Ds (P,, PM | Oe 


Thus our second measure of generalised directed divergence is always < our third 
measure of generalised directed divergence and the two measures will coincide only if 


Pip = Pis =...= Pim-, for each 7 
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i.e. if 

| A ee ...(28) 
Again 

Pier i) = D(Ps i Ps)—<D (P 2: P*) .(29) 

PNP eer) (P= Pm) =D: (P,* P) ...(30) 
so that 

Ree eee) (Phe, FP) D(a). — DP P*). 3.61) 


Also the average of the directed divergences from P., Ps, ..., Pm-, 


1 
m—2 





(OUP, SP) + D (Pes Ps) t.. D (2:2 Pm) 


I 
aS) 
5 


a = D(P,: P*) — In A (32) 


so that 
D; (Fa, Ps ae) = D, (P,, bee pee he) 


| 


=D(P,P)— 


(D (Py:Ps) +D (Py:Ps) +... + D (Py:Pn—1))—In A. 
...(33) 

Thus the difference between Ds; and Ds 
= — In A + (Directed divergence of P, from the mean of P., P3,...,Pm-1) 


— (mean of Directed divergence of P, from Pas, Ps,...,Pm-—1) ...(34) 


8. GENERAL DISCUSSION 

To find a measure of information based on m distributions Pj, Ps, ...,Pn, We 
replace the distributions P,, P3, ...,Pm-1 by a distribution P* or P or some other distri- 
bution central to these m — 2 distributions, so that we get a total of three distributions 
and we can find a measure of information improvement based on these three distri- 

bution to get the measures 

Dhaest sts bal OF dk (Ps; P,, P3, 4 » Pm-1; Pm), k = i; z3 3, 4 

FER 
We could have as well reduced these to measures based on two distributions e.g. we 
can find the directed divergence from P, to the arithmetic or geometric or some other 


snieat Of F gy) 3s. sok xt 


We could have also consider the directed divergence between mean distributions 
of two groups of distributions, say of groups P,, P,, Ps,...,Pr and Pr41,...,Pm Or we 
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could not have considered the information improvement between mean distributions 


of three groups say P;, Ps,...,Pr, Priiy-.-» Ps and Psy1,.... Pm or we could have found 
the total information improvement from two subgroups Pi, P,, , Pr and Pry, -, Ps 
to two other groups P,,,..., P: and Pr,i,..., Pm. 


However none of the measures is symmetric in all the distribution P,, P,,..., Pm 
since each one of these changes when Pi, P,,..., Pm are permuted among themselves. 


Kapur® has given symmetric measures viz. 


D(P,: P*) + D(P,: P*) +...+ D (Pm: P*) ...(36) 


or 
D (P,P) +-D (Ps: Pf) iD (Pere ee ey) 
Both the measures are > 0 and vanish iff 
Py = Py =..,= Pr. ... (38) 
These can serve as measures of discrepancy or dispersion among the m probability 
distributions. 


Other measures proposed by Kapur® 4 which are based on all the m probability 
distributions and which cannot be reduced to measures based on two or three proba- 
bility distribution are 


m 
a 


lise yi Pees ...39) 


Cnt 
or 


m 


ein > Pa Py» Pin -..(40) 


oe 


m 
where each a, > Oand 3 a, = 1. 
j= 


9. Some APPLICATIONS OF MBASURES OF DiRECTED AND 
SYMMETRIC DIVERGENCE 


Before concluding, we give some typical application of the measures given in the 
present paper. 


(a) Measure of Difference of opinion in a Group of Persons 


Let a finance company have m members in its board of directors. 
has to decide on the Proportions of its 


the ith member (i = 1, oak 


3 The company 
funds to be invested inn different stocks. Let 
-, ™) propose an investment portfolio 
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P; = (Pi, Play+++y Pin); tat aa ie Pi; m> 0 ...(41) 


so that p;; denotes the proportion of the company’s funds which the ith director 
propose for investment on the jth stock. In general P,, P,,.-., Pm will be different 
since the perceptions of the different directors differ about the profitability of the 


different stocks. Weare required to find a measure of this difference of perception 
among the directors. 


Our measure of symmetric divergence gives a measure of this difference of 
opinion among the directors. This would vanish iff all the directors agree completely 
and will be large if they differ widely in this perception. 


Similarly our measure will give a good measure of the difference in a cabinet on 
how to spend a rupee on different items in the budget. 


(6) Finding the Consensus in a Group 


To find the consensus in the above example, we find a distribution which is as 
close to P;, P.,...,P,, aS possible. This distribution is given by 


Pe Phe ys Pe ) ...(42) 
where 
l]m 
p; = plea Date eee VeNiiee ee »jJ = 1, 2, ..., 0. (43) 
ra (Pry = Pay 2 P37 - << Daim 


(c) Finding the Consensus Ranking on a Selection Committee 
Let the ith member of a selection committee give marks 
Mn, Mig;..., Min ..(44) 


to the n candidates and let 
Pig Mi,| a Mi; .»-(45) 
j= 


then P* gives the consensus marks vector and from it, we can deduce the consensus 
ranking vector obtained by just adding the marks, in the following respects. 


(i) the marks here have been ‘normalised’: This is necessary since different 
members may have different standards of marking. 


(ii) instead of using the arithmetic mean of normalised marks, it is suggested 
here that geometric mean should be used. This is even otherwise indicated since geo- 
metric mean is much less affected by extreme values than the arithmetic mean. 
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(iii) even the geometric means have been normalised, this of course does not 
affect the consensus ranking. 


(d) Generalising the Principle of Minimum Discrimination Information 


According to the principle of minimum discrimination information (MDIP) we 
have to choose that probability disiribution, out of all those that satisfy given const- 
raints, which is closest to given a priori probability distributions. However we may 
be given a number of a priori probability distributions Q,, Q.,...,Qm. Thus we may 
obtain estimates of this distribution from m experienced persons, we then get the 
Generalised Minimum Discrimination Information Principle (GMDIP), according to 
which we choose that distribution, out of all those distributions which satisfy given 
constraints, which is closest to Q:, Q»,...,Q,. In this case we need a measure of 
directed divergence from P to Q,, Q,,..., Qn and we have precisely developed such a 
measure in this paper. 
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FIXED POINT THEOREMS FOR SOME NON-SELF MAPPINGS 


B. E. RHOADES 
Department of Mathematics, Indiana University Bloomington, IN 47405, U.S.A. 


(Received 10 March 1987; after revision 30 December 1987) 


Let K beaclosed, convex subset of a Hilbert space X. We establish a fixed 
point theorem for a certain type of non-self map T K into X. These results 
extend a theorem of Massa and Roux? to non-self maps, and generalize a 
result of Samanta. 


Let XY denote a complex Hilbert space, Ka closed, convex subset of X¥. A map 
T:K —~ X will be called a G-type non-self map over K if T satisfies 


Tx — Tyl| < a(x, y) lx — yll + b (x, y) lx — Txll + 80, x) lly — TyIl 


+ ¢ (x, y)llx — Ty] + ¢(y,x) Ily— Tl aL) 
for all x, y © K, where a, 5, c are non-negative functions from Xx X > R®* satisfying 
(atb+c)(x,y+(6+0¢)(%,x) <1 tp) 

and 
c (x, y) = c (y, x) for all x, y © K. ED) 


Our main result is the following. 


Theorem—Let X denote a complex Hilbert space, K a bounded closed convex 
subset of ¥, T: K > X a G-type non-self map satisfying (1)—(@), 


inf a(x, y) > 0, ..(4) 
x,yEK 
and 
T:0K>K tS) 


where 0K denotes the boundary of K. If either c = 0on K or hae c (x, y) > 0, 
then T has a fixed point. 

The Theorem is proved by making use of the following Lemmas. 

Lemma 1—If T satisfies (1)—(5), then 


lim||7X, — Xn+:ll = 9, 
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where x, = (RT)" Xo, and R: X —> K is defined by R (x) = y, where 
Ix — yll = d(x, K),x © X. 
Proor : It has been shown in’ that R is nonexpansive. 
If Tx,-1 € K, then x, = (RT) x,-1 = Tx, -;. Therefore, using (1), 
[Xn — Txqll = ||Tx_-1 — Tx,all 
Sa ||Xn-1 — Xall + Bl] Xp-y — Txp-y|| + 5'l] X, — Tall 
+ € [lXp-1 — Txql| + cll X, — Txn-rll 


whete a, b, c are evaluated at (x,_,, X,) and b’ (x,y) = b (y, x). 
Thus 


(1 — 5’ — c) |x, — Tx,l] < (a + b + Cc) |lxn-s — Tx,-ll 
which implies by (4), that {||x, — Tx,]|/} is monotone decreasing, hence convergent. 


If Tx,_1 & K then, from (5), x, = (RT) x,-1. Thus, since R is nonexpansive and 
Tx, € K, 


Xn — Txql] = LRT X,-; — RTXqll < | TXq-1 — Tl). 
The convexity of K implies that x, = RTx,-1 is the point on OK satisfying 
IIXn-1 — TxXp-1]] = [Xn-1 — Xall + [Xq_ — Txq-all. 
Therefore 
IXn-1 — Txql| + |X, — Txp-sll 
S [ltn-1 — Xall + [X_ — Txqll + []%_ — Tq rll 
= [%n—1 — Txq-1l] + lx, — Tx,ll. 


Also ||x,-; — x, |l< I|Xn-1 -~ Tx,_||, and it follows that {||x, — Tx,l} is non-increasing. 


Set 

Pn= |X a Tx, ||, p= lim p,, noo Xn — Xatills aoe |Tx,, ye Xneall, 
and 

Ug ft a Pn+1- 
Then 


LET tine 9 [Palo Pau = lXn i“ Tx,|| a Xn are TXp411|. 


In all cases, 


Xn <1 IXnaill < Tx, =+ f fo Seo) 


<a Xn = Xn+1l| =e) Xn may Tx, || + b’ nat i IXacall 


+ c Xn Pa TXn+:1| Te IXn41 aes Tx,||, 
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where a, b, b', c are evaluated at (x,, Xn41)- 
If Tx, € K, then 


(1 — b’ —c) [1Xp4a — TXnsall <(@ + ¢) lly — Xnvall + 4 [Xn — Tell, 


and 
Ny = Xn — Tall — (2 + €) llXn — Xnsll 
+ bix, — Tx,ll]/ ( — b' — c) 
> [(l — bY — ¢—8) [xy — Tall 
— (a +c) ||x, — Xn+il((1 — 3’ — ¢). el) 
Since 
Tx, —Xrel| = inf [ITx_ — yl, for t € [0, 1] 
yEK 
7x, — (tx, + (1 —t) XngdIl? > Tx, — Xnrill?. Since X is a Hilbert 
space. 
|Tx,, aaa (tx, + (1 a t) Xavi? a |T Xn — Xn+1 t (X,—Xn+)|l? 
= ||TX_ — Xnill? + fl] X, — Xnsill? 
+ 2t Re < IXq.— Xnvis Xai — *n = 
> ||Txn — Xn+ll?. 
1. e. 


Rei 1k. keto a SS t \IXn-1 — Xnll?/2. 
Since this inequality is true for allO <?t < 1, 
Racks — Sit Seni te oO. 
Therefore 
Tx, — Xall? = ITXn — Xnaill® + [Xn+1 — all? 
4 2 Re <— TX, — Xetis Xett — An > 
> [Txn — Xnyall? + l%n+1 — Xall?. 


pPL> 1, + %&. AT) 


From (6) and (7) 
tm 2 (i — 6 —¢— 5) Pn — (a + c)«,]/ (1 — 6’ —°¢) 


>[a—b eb) p—-@to fa-va-%—4 


(equation continued on p, 630) 
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> (a + c) [ro — a/et vt pa ee) 
> 0 


On the other hand, if Tx, & K, then 
(1 ed b’ ae c) Xt = TXq4illS al| Xn sal Xecill + (b a c) Xn io Tx,ll, 


and (6) becomes 
Yn Z {1 Brn EF ioe i ase 2c) IX, pa Tx,| Saar | Xn — Xnyll/C a c). 


Again using (7). 
1 >{U1 — 6’ — b — 2c) b, — ae,]/ (1 — 6’ — c) 


>a|p,— a — Ys |ia-e 0. 


Let €:= inf aj/(l1 — b’ —c). From (4), — > 0, and we have 
x,yvEK 


Mn > & [pa— v2 ]> 0. 
Since {p,}is convergent, lim 7, = lim (Pn — Pnsi) = O. Therefore lim 


2 2 e 
al Py, — Yn exists. Moreover, 





lim a/ ?3 —y, =lim p, = p. 
Therefore lim (p, — y° ) = p?, which implies lim y, = 0. Hence lim y, = 0. 


Lemma 2*—Let K bea uniformly convex metric space, Br the closed spherical 
ball centered at the origin with radius R > 0. Let ¢,d>0. Ifx, x, Xx © Be and 
satisfy (d + €) > ||x, — X|| > d' > Oand (d + «) > |X, — xs|| > d’ > 0, and if 


(Ill > (1 — 48 (d/R)) R, then 


[x1 — xsl] < a — 48 Beall (d — «), | 


there » = 5-1 and 5 is the modulus of convexity of XY. 
Lemma 3—If T satisfies the conditions of the Theorem, then 


inf |x — Tx|| = 0. 
xEK 


ProoF: Letd = jj —_ 
ie |x — Tx||, and assume that d > 0. Choose e’ > 0 and 


x 
small enough so that d’ = d—e’ 0, Take. > 0 and arbitrary. Then there exists 
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an Xq € Ksuch that d’ < |x, — Txoll < d+. Set x, = (RT)" Xo, M’ = lim [*all. 
Since d> 0, M’ > 0. Pick M” > M’. Then M’/(1 — 8 (d']M")/2) > M’. Choose M 


to satisfy M” > M > M’ and M’/(1 — 8 (d'|M")|2) > M > M’. Since 5 is an increas- 
ing function 


= bef Tw <Low 


Choose an index n such that [|x,+4l| < Myllxall M, WIxXnaall < My Yn-a < © and 


Ia > [1 — wl & ez 





Case I —TXp-1 % RTX_-1 = Xn. Then [lXnq1 — Xall = ||TXn — Xall < [T%n-1 
— X,-al| S |]x,—Xn—all + [¢2—T>l-1 1]. This in turn implies that ||xn.1—%nll >¢2>d’ and 
IX, — Xa-ll = 4’. Since {Ilx, — Tall} is decreasing, ||X, — Xn41ll = || RX. — RTx, || 


< |x, — Tx,||. Therefore d’ < | Xn41 — %all S d+eandd’ < |x, — %n-1 I< 4 + «. 
Ayplying Lemma 2, 


ios a ee [1 _ w( 4] (d + €). ...(8) 


Case II—Case I does not occur. A similar argument yields (8). 
Suppose c =0o0n K. Define m= (Xn + Xn41)/2 
im — Tull < (lx, — Tml| + |%n41 — Til) 
< (|Txe-1 — Tml| + Tx, — Tel] + yn + Ya)l2 
< (ITx,-1 — Tm|| + Tx, — TXp-1l| + 5’ \lm — Tm 
+ a|| xn—ml| + b |lx%n — Txall 
+b! lm — Tm] + Ya-1 + Yn)/2s 


where a, b, b’, c are evaluated at (xn-1, m) and a, b, b’, c are the evaluations at (x,,, m). 
tix,-1—ml| < ([lXn-1 — Xall 7 line. — Xn4ll)/2 and ||xn—ml] =|lX, — Xn4l|/2. Substitut- 
ing the above inequality yields 


(2 — b’—b’) |lm — Tm|| < (a2 + b + a)2 + b) (d+ 8) 
+ a||x,1 — Xnpilll2 + Yn-1 + Yn: 
Use (8) with 


Coe ales 


where Ais chosen large enough so that % does not depend on «. Then, since 
d <|lm —Tml, 
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(2 — 6 — b’' — 1/2 — b — b’ — af2)d 
<atd+ (a/2+b6+a/2+ b+ al)e+ y,-1 + Yn 


which implies that 
(a + a)d/2 Cald + (a/2 + b+ af2+ b+ alye + y,-1 + Yp. 


Taking the sup __ of both sides yields 


x,vEK 
sup a(xy)d< sup) a(xy) td 
x,vEK x,yEK 
+ sup (a/2+ 6+ a/2 + 6 + as) (x, y)e 
x,yEK 
ss Yn-1 5 Yn: 


Taking the limit n + ~ and then ase > 0 yields a contradiction. 


Suppose that inf c(xy) > 0. Then 
x,yEK 


IIXn — TXql] S a — Xngall + lXngr — Tr,ll 
= |[Tx,-,; — RTx,|| + y, 
S ||RTx,_, — Tx,|| + y, 
S alixn-a — Xall + 8 [Xn—1 — Trp] +B" llxp — Tal 
t+ ¢ [ll%n-1 — Txql| + [Xn — Txn] + Yn: 
where a, b, b’, c are evaluated at (Xe 


(1 - b') |X. aa Tx,|| <S a [Xn—y =) all i b [|Xn-1 ss TXn_1|| 


: d’ 
+ caf aye E. |] d+)+ (tee Pee 
Since d <S Xn — Tx,||, 


OSG HD + B+ 2c 2 (Peet) c) at ee ey eee 


< [su a= bsp! <7 4) cee Es 


"ie sup (1 i c) Yn + sup CYp—1s 
x, yvEK x,pEK 


Taking the limit as n > co we obtain 


d<€[l— inf 201 — : 
[ Sea C) cl (d + 0). 


Now let « > 0 and obtain a contra 


Res: diction. The following result appears in Massa and 


FIXED POINT THEOREMS 633 


Theorem M—Let X be a uniformly convex space, K a closed convex subset of 
X. TK — K satisfying (1), (2), 


sup (b (v, y) + ¢(y,x)) < 1 »+(9) 
x,yvEK 
and 
inf ||x — Tx|| = 0 for somer < oc. ...(10) 
|x\|I<r 


Then T has a fixed point in K. 


Condition (4) implies (9), and (10) is true by Lemma 3. The proof of Theorem 
M does not depend on T being a selfmap of K. Applying Theorem M completes the 
proof of our Theorem. 


Remarks : | Theorem 1.1 of Samanta‘ is a special case of the Theorem by assign- 
ing a and b to be constants, with c = 0. 


2. The condition £ > 0 should be added to the yhpotheses of Theorem 1.1 of 
Samanta! since the proof of Lemma 1.3 of that paper is not valid unless B is positive. 
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In this note the authors investigate properties of generalized y-sets in a 
topological space and characterize the notion of T},.-spaces due to Levine? 


by using generalized y-sets. Finally, anew class of topological spaces is 
introduced. 


1. INTRODUCTION 


Levine® introduced the concept of generalized closed sets of a topological space 


and a class of topological spaces called T,/,-spaces. The author? proves every 7; 


-space 
is Ty, and every Ty),-space is te 


although neitherim plication is reversible. Dunham? 
defined a new closure operator by using the generalized closed set and investigated a 
ne w topology and its properties. And, the class of T\/.-spaces is characterized by the 
new topology (cf. Theorem 3.7 of Dunham’). In this note we characterize the class of 
Ti). -spaces by using generalized v-set. And we introduce a new class of topological 
spaces named 7’-spaces. ; 


2. PRELIMINARIES 


Throughout this note, (XY, t) denotes a topological space with a topology + on 
which no separation axioms are assumed unless explicitly stated. We recall some 
definitions and properties ot Maki‘. The most of them can be quoted in the sequel. 


| Definition 21—In a topological space (X, t), a subset B is a y-set (resp. A-set), 
if B = BY (resp. B = BA), where BY = \) (Pr FCB aa t} and BA=/~A 
LE De 8 Be ta oF elle 


This paper is dedicated to Professor Hiroshi Toda on his 60th birthday, 
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Then, in (2.5), (2.7) and Remark 2.8 of Maki‘, we have 
(2.2)(X — B)A = X—B*’ for every subset B. 


(2.3) Let {B, :j € J} be a family of subsets of YX. 
Then 
(U {By :7 € Ji) D U (BP: 7 € J} and (U {B;: 7 € J})4 = U (BP rj © J}. 
Moreover we have 


(2.4) BY C B Ccl (B), where cl (B) is the closure of B in (X, 7). 


Definition 2.5—In a topological space (X, t), a subset Bisa generalized A-set! 
(abbreviated by g. A-set) if BA C F whenever B C F and Fisclosed. A subset B is 
a generalized y-set’ (abbreviated by g. v-set) of (X, +t) if X — Bisag. A-set of (X, 7). 


Definition 2.6—For a subset B of a topological space (X, t), we define the follow- 
ing subsets : 


cA (B)=1 {U: BCU, U € D4} and int’ (2) = U {F: BD F, FED", 
where D4 (resp. D”) denotes the set of all g. A-sets (resp. g. v-sets) in (X, 7). 


In Proposition 3.2, Example 3.3, Proposition 3.5 and Theorem 4.6 of Maki* we 
have the followings. 


(2.7) Every A-set (resp. v-set) is ag. A-set (resp. g. v-set). 

(2.8) Let J be an indexed set. If B; © DA (resp. B; € D") for all j = J, then 
U {B,:7 € J} © DA (resp. N {B,:/ € J} E Dh. 
The intersection of two g. A-sets is not a g. A-set in general. 

(2.9) For each x € X, {x} is an open set or a g. v-set. 


(2.10) c4 is a Kuratowski closure operator on X. 


Definition 2.11 (cf. 4.2) Definition 4.7 and Proposition 4.8 (i) of Maki*)—Let 
<4 be the topology on X generated by c“ in the usual manner, i. ¢., ue ihe Bex, 
cA (Y — B) = X¥ — B} Then tA = {B: BC X, int’ (B) = B} since cA (X — B) 
— ¥ — int’ (B) for every subset B of (X, 7). 

In Theorem 4.8 (iii) of Maki* we have 


(2.12) & aie < D’C +4, where + (resp. F) denotes the family of all v- 
sets (resp. closed sets) in (X, *). 


3. GENERALIZED V-SETS 


In this section we characterize the notion of generalized y-sets of Definition 2.5 
by using v-operations and we obtain results concerning such sets. 
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Proposition 3.1—A subset B of a topological space (X, +) is a g. v-set if and only 
if U C BY whenever U C Band U is open. 


Proor : Necessity—Let U be an open subset of (XY, t) such that UC B. Then, 
since ¥ — U is closed and X — U D X¥ — B, we have Y — UD X — B’ accordingto 
(2.2) and Definition 2 5. 


Sufficiency—Let F be a closed subset of (X, +) such that ¥ — B C F. Since X—F 
is open and Y — F C B, by assumption we have ¥ — F C By, Then, F > (X — B)A 
by (2.2), and ¥ — Bisa g.A-set (i. e., Bis a g.v-set). 


Proposition 3.2—Let B bea g.y-set ina topological space (X, 7+). Then, for 
every closed set F such that 


BYU (X — B) CF, F =X holds. 
PRooF : The assumption BY U (X — B) C F implies (X — B) 1 BD X — F. 


Since B is a g. y-set, by Proposition 3.1 we have BY > ¥ — F and hence d = (X — B’) 
(\ BY > X — F. Therefore we have Y = F. 


Corollary 3.3—Let Bbe a g. y-set of (X, t). BY U (X — B) isa closed set if and 
only if B is a v-set. 


Proor: The proof of necessity is obtained by Proposition 3.2. The converse is 
obvious. 


Remark 3.4: We give an example of a topological space which shows that the 
condition of Proposition 3.2 (i. e., Bis ag. y-set) cannot be removed. Let X be the 
set of all real numbers. On X, we can define the open sets of a topology to be ¢ 
and any subset of X that contains a particular point p, which is called a particular 
point topology®, say +. Let B = ix€ X¥:x Sp — 1} U {p}, then Be = B— {p}. In 
(X, +), Bis not ag. y-set, and BY U (X — B) = X¥ — {p} holds and it is a closed set. 


Proposition 3.5—Let Bbea subset of topological space (X, t) such that BY is 
closed. If ¥ = F holds for every closed subset F such that 


FB A(X — B) then Bava g.v-set. 


Proor: Let U be an open subset contained in B. According to assumption, 


B’ UV (X — UV) is closed and it contains BY U (¥ — B). It follows that BY U (X — U) 
= X and hence B’ D> U. Then Bisa g. y-set. 


| Remark 3.6: Let X¥ bea finite set, and let + be a topology on X. In the topo- 
logical space (X, t) B’ is closed for every subset B of LY. 


Remark 3.7: The following example shows that the condition of Proposition 3.5 


(i. e., B’ is a closed set) cannot be removed. Let X be the set [—1,1] = {xE R: — 1 
Sx S 1}, and let ¢ be the overlapping interval topology® which js generated from 
sets of the form [— 1, 5) forb > 0 and (a, 1] fora < 0. Let B =[-1, 1/2). Then 
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B’ = [— 1, 0) is not closed. Any closed set containing B’ U {X — B}is X, however 
B is not a g. v-set. 


4. CHARACTERIZATIONS OF T 1)2-SPACES 


In a topological space (X, t) a subset B of X is said to be g. closed® if cl (B)CU 
whenever B C U and U is open. 

Definition 4.13—A topological space (X, 7) is said to be a 7;,,-space, if every g. 
closed set is closed. 

The notion of g. v-sets in a topological space (X, +) does not coincide with the 
one of g. closed sets even if(X,+) is a finite topological space (cf. Remark 4.10 of 
Maki‘). However the class of T71),-spaces is characterized by the notion of g.v-sets 
(cf.. Theorem 3.7 of Dunham’). In the following theorem we give the characterization 
of the class of 7\,.-spaces. 

Theorem 4.2—The statements about a topological space (X, t) are equivalent. 

(i) (X, t) is a T1)2-space. 
(ii) Every g. v-set is a v-set. 

(iii) Every t4-open set is a v-set. 

PRoor : (i) > (ii) Supposed that there exists a g.v-set B which is not a v-set. Since 
B’ & B there exists a point x of B such that x @& B’. Then the singleton {x} is not 
closed. According to Theorem 2.2 of Dunham? the complement of {x} (i. e., X — {x}) 
is a g. closed set. On the other hand, we have {x} is not open since B is a g. v-set and 
x & BY’. Therefore we have X — {x} is not closed but it is a g. closed. This contradicts 
to the assumption that (X, t) is a T;/,-space. 

(ii) > (i) Suppose that (X, t) is not a Ty/2-space. Then, there exists a g. closed 
set B which is not closed. Since B is not closed, there exists a point x such that x & 
Band x € cl(B). In (2.9) we have the singleton {x} is an open set or it is ag. v-set. 
When {x} is open, we have {x} 1 B+ ¢ because x € cl (B). This is a contradiction. 
Let us consider the case: {x} is a 8. v-set. If {x} is not closed, we have {x} = @ and 
hence {x} is not a v-set. This contradicts to (ii). Next, if {x} is closed, we have X¥—{x} 
D> cl (B) (i. e., x & cl (B)). In fact, the open set X — {x} contains the set B which is a 
g. closed set. Then, this also contradicts to the fact that x € cl(B). Therefore 
(X, +) is a T/.-space. 

(ii) > (iii) Let B be a t4-open set, i.e, B= int” (B). We claim that int’ (B) is 


y-set under given assumptions. Then Bis av-set. To prove the claim we note that Ay 
= QD” according to the assumption (ii) and (2.7). By using (2.3) and the fact that D’=+t 


we have (int’ (B))” = (U {F: B > F, FED U{F: BOF FE +} = int’ (B). 
Then, by (2.4), we have (int” (B))” = int’ (B), and hence int’ (B) is a v-set. 

(iii) > (ii) Let B be a g. y-set. Then int’ (B) = B by Definition 2.6. It follows 
from the fact in Definition 711 that BE tA. Hence Bis a v-set, by (iii). 
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Corollary 4.3 (Dunham’, Theorem 2.6)—A topological space (X, +) is 7y,2 if and 
only if every singleton in (X, t) is open or closed. 


Proor : Necessity—Let x € X. If {x} is not open, then it is a g.v-set by (2.9). 
it follows from Theorem 4.2 and assumption that {x} is a y-set. Since { yy)’ = @ for 
every non closed set {y}, we have {x} is a closed set. Therefore {x} is open or closed. 


Sufficiency—Suppose that (X, +) is not a Ti/s-space. Then, there exists a g.v-set 
B which is not a y-set. Then there exists a point x € Y¥ such that x € Band x & B’. 
If {x} is closed, B’ contains the closed set {x}. This is impossible. If {x} is open, the 
closed set YX — {x} contains B’ U (X — B). By using Proposition 3.2 we have X¥ — {x} 
= X which is impossible. Therefore (X, t) is a T 1/2"Space. 


Corollary 4.4—(i) For any topological space (X, t), (X, t4) is a T}/o-space, 


(ii) For any topology +, (t4)4 = (t4),~ where (t4)~ is the family of all y-sets 
in the topological space (X, +4), 


PROOF: (i) Let x © X. If {x} is open (i.e., {x} © +), then Y — {x} © tA 
(i.e., {x} is t4-closed), by (2.12). If {x} is not open then {x} is a g.v-set by (2.9). Then 
by (2.12) we have {x} € + (i. e., {x} is t4-open). Therefore every singleton in XY js 
open or closed in (X, 4). By Corollary 4.3 we obtain that (XY, tA)isa T\/.-space. 


(ii) It follows from (i) and Theorem 4.2 that (Te Crt ey using (2.12) 
we obtain the equality. 


5. COMPARISONS 


We define a class of topological spaces called T’-spaces as an analogy to T,/s- 
spaces, and we investigate relations between T’-spaces and several spaces. 


Definition 5.1\—A topological space (X, +) is said to be a T “-space, if every t4- 
Open set is ag. y-set (i. e., Dr = tA). 


Lemma 5.2—For a topological space (X, t), every singleton of XY is g.A-set if 
and only if G = G” holds tor every open set G. 


EROOF : Necessity —Let G be an open set. Let y © X¥ — G, then {y}4 Cc X¥-G 
by assumption. By using (2.3) we have X — G > UityjA.? peerie. G} = (X — G)A 
and hence ¥ — G = (Y — G)A, Then it follows from (2.2) that G = G*. 


ae y—Let x € X and F be a closed set such that {x} C F. Since Y — F 
= — Fy = X — FA, we have F = FA. Therefore 

: we have A = 
Hence {x} is a g.A-set. oe i 


Proposition 5.3—For a topological space (X : his? o. 
Sine Bical space (X, t), we have the following impli- 


(i) If(X,ct)isa T,,.-space then it is a T’-space. 
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(ii) If (X¥, +) is an Ro-space then it is a T’--space. 


Proor: (i) In (2.12) we have tC D’ C +4. By using Theorem 4.2 we have 
<« = tA, Therefore we obtain t* = D’. Hence, (X, t) is a T’-space. 

(ii) To prove (ii) we recall the following fact. In Theorem 2.2 of Dube’, it is 
shown that (X, t) is an Ro-space if and only if any open set G in (X, 7) can be ex- 
pressedasG= U{F:FCG,X—-FE a}, i.e., G = G" (cf. Definition 2.1). Let 
B be a subset of {X, 1). It follows from Lemma 5.2 and (2.8) that B= U {{b}: be B} 
is a g.A-set. Thus we have every subset of (« ¥, t) is ag. v-set, and hence D” coincides 


with the discrete topology of X. By using (2.12) we obtain D* = t+. Hence, (X, ) 
is a T’-space. 


The following examples show that none of these implications is reversible. 


Example 5.4—Let X = {a, b, c} and let * = {b, {a}, {b, c}, X}. The space (X,t) is 
not a Ty-space. Since {a}” = {a, b}’ = {a, cy” = {a}, {b}” = {c}” = ¢ and {b, c)” = {b; 
c}, we have D” coincides with the discrete topology of ¥ and hence D” = tA, These 
imply that (X, t) is not T,,. but H tag 


Example 5.5—Let X = {a, , c} and let + = {¢, {a}, {a, b}, X}. Then the space 
(X, t) isnot Ry but T°. In fact, we have D” = {¢, {5}, {c}, {b, c}, X} = tA since {a}” 
= {by” = {a, b}’ = 4, {a, c}” = {ch, {c}? = {c} and {b, cy” = {b, c}. Thus, (%, +) is not 
a T’-space. Since {a}" #~ {a} for an open set {a}, (X, t) is not an Ro-space. 


T, is independent of 7, an Example 5.4 and the following example show. 


Example 5.6—Let X be the set of all real numbers R and let t-= {¢, X} U {{a, 
co}: a € X}, where {a, co} = {x © X: a < }. Then the spaee (X, +) is not T* but 
Ty. In fact, we obtain that <4 coincides with the discrete topology of R however {a} 
U {a, co} is not a g. v-set. 


From the results in this action we obtain the following diagram : 


i hea Ro 


Tie 


—|> 
<|_ 


To 
where A > B (resp. A —/> B) represents that A implies B(resp. A does not always 
imply B). 


In the following proposition we have a further result concerning the transfer of 
properties from (X, t) to (X, <4) (cf, Corollary 4.4 (i)). 


Proposition 5.7—If (X, 1) is an Ro-Space then (X, t4) is Ti-space. 
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Proor : By using Theorem 2,2 of Dube' and Lemma 5.2 that every singleton 
{x} of X is ag. A-set. Then we have c4 ({x}) = {x} and hence {x} isa t4-closed set. 
Therefore every singleton is closed in (X, tA). 
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A Goldie module is defined as a finite dimensicnal module M overa ring R 
satisfying the a.c.c. for annihilators of subsets of M in R. Here we esta- 
blish some results analogous to those of a Noetherian module viz. decom- 
position of zero of a Goldie module and the Artin Rees theorem fora 
Goldie module in some special cases. 


The attached ring here need not bea Noetherian ring in general as assumed 
in some corresponding results in a Noetherian module. 


1. INTRODUCTION 


The purpose of this paper is to introduce the notion of a Goldie module and to 
establish some elementary properties of such a system 


Throughout this paper, unless otherwise specified M will be a left unitary module 
over the ring R with unity. 


A left module M over a ring R is a ‘left Goldie module over R ora left Goldie 
R-module if’ 


(1) M is finte dimensional 
(2) R satisfies the ascending chain 


condition (a. c. c.) for annihilators of subsets of M, i. e., any collection of annihilators 
of subsets of M in R satisfies the maximal condition. Similarly we have a ‘right Goldie 
module’. We shall confine ourselves to left Goldie modules only. 


We know that a left Goldie ring is a ring R such that R is finite dimensional] as 
a left R-module and such that the left annihilator ideals in R satisfy the a. c. c. Clearly 
every left Goldie ring is a left Goldie module over itself. Also, every finite dimensional 
left module (e. g. a Noetherian module) over a left Noetherian ring R isa left Goldie 
module over R. Moreover it can easily. be seen thatif Mis an Artinian left module 
over a left Artinian ring R, then M is a left Goldie module over R. And also if M is an 
(R, S) bimodule such that M 1s Noetherian as an R-module and Artinian as an S- 
module, then M is a left Goldie module over R. It may be noted that a sub-module 


of a Goldie module is again Goldie. 
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It is known that a homomorphic image of a left Goldie ring need not be a left 
Goldie ring (page 4 of Jategaonkar‘). And it is easily seen that a quotient ring R/J is 
left Goldie if and only if the left R-module R// is a left Goldie module. Thus homo- 
morphic image of a Goldie module need not be a Goldie module. And this prompts us 
to make the following definitions (as in case of Goldie ring). 


If every homomorphic image of a left Goldie module M is a left Goldie module, 
then M is a ‘fully left Goldie module’. 


If for any closed submodule N of a left Goldie module M, the quotient module 
MIN is left Goldie then M is a ‘fully Goldie module with respect to closed sudmodules’. 


Let M be a Goldie module with closed submodules M,, ..., M; such that 
(1) MOM.,N... 1 M, = (0), but 


M, fiat M, ™) ... 11 Mi A (0), for any i = 1,..., t, where A denotes 
omission of the symbol underneath it, 


(2) each quotient module M/M; is a primary submodule with 


A (M/M;) # A (M/M,) fori 4 j 
where A (X) drnotes the associated primes of X for an R-module Y. 


Then 4, (- ... \ Mis a primary decomposition of O in M. We prove in section 


3 the existence of a primary decomposition of O in a Goldie module with certain con- 
ditions. 


It can be easily seen that the direct sum of two Goldie modules is again a Goldie 
module. Next we prove that the set of associated primes of a module M which is 
fully Goldie with respect to closed submodules and where any prime submodule N/M’ 
of a quotient M/M’ of it has a prime closed extension T/M’ such that T is a closed ex- 
tension of M’, is finite. Another interesting result we are going to prove is that the 
set of associated primes of a commutative Semiprime Goldie ring, when considered as 
a Goldie module, is the set of minimal prime ideals of the rin 
obvious corollary that 

PE A(R) 
Position of O in M where M is a Goldie module. Moreover, if M, A VEG? SS 
is a primary decomposition then 


A (M) = A(M/M)) VU... 
the following : 


g R, which gives as an 
P = (0). Then we show the existence of a primary decom- 


U A(M/M,). Two other important results we prove are 


(i) Let the module M bea nonsin 


gular Goldie module over a commutative 
Noetherian ring R. Then .//(M) = 


(P where 4//(M) is the nil radical of the left 

ms PEA(M) 

annihilator /(M) of Min R. 
(ii) Let M be as above and is such that 


over R. Then given any submodule N of M, an 
a submodule M' of M such that 


all its quotient modules are nonsingular 
y ideal B of R, anyn € Z*, there exists 
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B"C VI(M/M’) and BN = M' ON. 


Finally we prove the Goldie analogue of Artin-Rees theorem’. Let M be a 
module described as in the preceding result. Then for any n € Z?+, there exists at € 
Z+* such that B“M ( NC BN. 


2. PRELIMINARIES 


We now give some preliminary lemmas for use in the proofs of the main results 
in section 3. 


A submodule K of a module M is proper essential extension in M if there is a 
sub-module N of K such that N <. K (N is an essential submodule of K) and N # K. 


Lemma 2.1—If M is a module, N < A and A < -M (A is a closed submodule of 
M), then A/N < -M[N. 


Proor : The result follows from (Proposition 1.1C of Goodearl’). 


Lemma 2.2—If M is a left Goldie module over a ring R, then A (M) = ¢ if and 
only if M = (0). 


Proor : M = (0) implies A (M) = 4, for then it has no proper submodule. 
Conversely, let M # (0) and 
F = {I(M*) | M* < M, M* # (0)}. 


Then Fis a set of left annihilator ideals of R. Since M is left Goldie, F has a 
maximal element, say /(N), where N is a nonzero submodule of M. It N’' < N, N’ 
+ (0) then/(N’) 2 1 (N) and since / (N) is maximal in F,/(N) = /(N). Thus Nisa 
prime submodule of M. Hence 1(N) € A (M) giving A (M) # ¢. 


Lemma 2.3—If M is a left Goldie module with an exact sequence 


g is 
(0) —_, M’—» M——> M’”"——(0) 
then the associated primes of M, M’ and M" are connected by the inclusions 
A(M)C A(M)C A(M') VU A (M"). 


Proor: If M = (0) the result follows trivially. If M A (0), then by Lemma 
2.2 A(M)#¢. The module M’ can be considered as a sub-module of M, since g is 
injective. Thus A (M') € A (M). 


Now let /(N) € 4(M). Then N is a prime submodule of M. 
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Suppose M’' () N#(0). Then 1/(N) = 1(M’(Q N), since Nisa prime sub- 
module of M. And M’ () N, being a submodule of the prime submodule WN, is also 
prime. Therefore/(M’' (1\ N) € A(M). Thus/(N) € A(M). 


Next suppose M’ (\~N = (0). If A is the restriction of f to N, then / is oe 
So we can consider N as a submodule of M". It follows that /(N) € A (M’) giving 
A (M) € A(M"). Therefore A (M) C A(M') U A(M’). 


Now we consider the Goldie module M such that any prime submodule N/M 
of any quotient M/M’ has a prime closed extension T/M’ such that M’<N<T<,M. 


As a modules the Goldie rings Z;, Z,, Z,; are such that their quotients are all 
prime. And in a prime module all of its submodules are primes and at least the module 
itself is a prime closed extension of each of its prime submodules. Again M = Zzo is 
such a Goldie module (over Zs) or Z) that its submodules are A; = {0, 2, 4, ..., 28} 


A, = {0, 3, 6, ..., 27}, da = {0, 5, 10, ..., 25}, A, = {0, 6, 12, 2.., 24}. 
A; 


(0, 10, 20} and A, = {0, 15} of which Aa < A, <- M, 
A; < As <¢ M and As me As —y- M. So by Lemma Zaks A,|Ag <a. MIA,, 
A3/ A; Se MIA; and A3/Ag <ce M/A,. Here each of Ao/ Aa, A3/As and A,/Ag 


is prime submodule. Therefore each is a closed extension of itself which is prime. And 
the remaining quotients M/A, M/A, and M/A; are all primes. 


So all these Goldie modules satisfy the assumed property that any prime sub- 
module N/M’ of M/M’ has a prime closed extension 7/M’suchthatM < N<T<.M. 


Moreover we note that the above modules are such that all of its quotient 
modules are nonsingular as R-modules. 


The following important lemma leads us to the main results. 


Lemma 2.4—Let M bea left module which is fully Goldie with respect to closed 
submodules and is such that any prime submodule N/M’ of a quotient M/M’ of it has 
a prime closed extension T/M' such that T is a closed extension of M’. If the set A (M) 
is expressed as a union of two disjoint sets ¥ and Y, then there exists an M’ <, M 
such that A (M’) = X, 4 (M/M') = Y and 4(M) = A(M’) U A(M/M’). 


Proor : Let F = {N <, M|A(N)< 
A (0) = ¢ (by Lemma 2.1), we have F ¢d. 
sional and so it Satisfies the a.c.c. on closed s 
Thus F has a maximal element, say M’, On 
ENCE As (iV tee ¢, it follows that 4 ( 
there exists a prime submodule N/ 
&Y. By hypothesis there is a prime 
and M’<N< T <& M. 


X}. Since O is a closed submodule and 
And since M is Goldie it is finite dimen- 


the other hand ¥Y \) 4 (MIM)DXUY. 
M/M')> Y. If possible let 4 (M/M') & Y. Then 
M’ of M/M' such that I(NIM)E A (M/M ) and 
extension 7/M’ such that N/M' < T/M' <, M/M’ 
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Since T/M’ is nonzero, M’ © T, and /(T/M’) = I(N/M’). Let us write P for 
{1(N/M )}. Then A (7T/M’) = PandP ¢ Y. 


From the exact sequence 
(0) + M'’—> T—4T|M'—(0). 


We get A(T) C A(M’) U A (T/M’) by Lemma 2.2. Since A (M') C X and A (7/M’) 
= P, we get A(T) C X U P. Onthe other hand T < Mand A(M) = X UF give 
A(T) C X UY. Since A(T) C XU Pand A(T)EC XU YoP: GY; Alves And 
T is closed in M and hence T € F. Since M’ C T, this contradicts the maximality of 
M’ in F. It follows that A (M/M’) C Y so that A (M/M’) = Y. Now from the inclu- 
sion relation 


A(M) C A(M’) VU A (M/M’). 


it follows that X U Y C A(M’) UY, which gives ¥ C A (M’'), since X (\ Y = ¢. 
But since M’ isin F, A (M') C X and hence 


A(M) = XU Y=A(M')U A(M/M’) 
Lemma 2.5—If M; and Mz are two modules over a ring, then A (M, © M,) 


Proor : An arbitrary element of A (MM © M.,) is 1(Q), where Q is a prime sub- 
module of M; ®@ M,. 


Now we may assume 0 = Q, ® Q2 where Q; S My, O2 < Mz and each of Q, 
and Q2 is prime. Therefore / (Qi) = 1(Q.) = 1(Q). Thus 


A(M, ® M,) C A(M,) U A (M2) 


Since a prime submodule of QO, (Q,) is a prime submodule of M; ® M2, the opposite 
inclusion follows. 


Lemma 2.6—If M is a left module and P, Q, N are submodules of M such that 
Nig, f, QO then 


A(P A QIN) = A(PIN 1 QIN) C A (PIN) 1 A (QIN). 


Proor : The result follows from the following observations : A prime submodule 
of P () Q|N is also a prime submodule of P/N and Q/N and conversely. 


A prime submodule of P/N A QIN is prime submodule of P/N and Q!N. 


We assume © P #(0)in general and write P= () P. 
PEA(M) PEA(M) 
Lemma 2.7—Let M be a non singular Goldie module over a finite dimensional 


ring R. Then for any x Ee P, there exists at € Z+ such that x! € 1 (M). 
PEA(M) 
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Proor: Letx € () P. Then forevery P € A (M) we get module homo- 
PEA(M) 
morphism ¢;: M+M, m>x‘m, i = 1, 2, ... Clearly Ker ¢; C Ker dj+1. 


In other words rag (x‘) C rm (x't?) which gives /r (ra (x*)) D Ir (ru (x**?)). 

If ¥ C YC M, then we get /r (X) D Ir (Y). 

Let A=/r(Y), B=Ir (X), Now, if A is an essential R-submodule of B there is an essential 
left ideal Z of R such that JOC A (of Lemma !.1Chatters and Hazaranavis?). Hence /b ri 
(A)=0 which gives bry (A)=0, for M is non singular left R-module. Thus'b€/z (rm (A)). 
Therefore b € A (= /r (rm (Ir (¥))). Hence A = B. So if A is strictly contained in B, 
then there isa nonzero ideal C of R such that C C B and A‘) C = 0. It follows 
that a strictly descending chain of left ideals of above type gives rise to a direct sum of 
nonzero ideals suchas C. And since R is finite dimensional as a module, the above 
chain must stop. So Jr (ras (x‘)) = Ir (x‘*+)) for some t which gives rm (Ir (ru (x‘))) 
= rm (Im (rm (x'*?))), i. e. ra (xt) = re (x!*}), 


Consider the homorphism 
f:x'M — x'M, xtm > x't+) m, 
If as elements of x'M, 
x'tlm = xt py 
then 
x'*1 (m — n) = 0 
> m—ne€E ker ¢4, = ker ¢; 
> x'(m — n)=0 
=> x'm = x'n, 


Hence fis injective, Therefore x‘ M <M and this gives A (x‘M) C A(M). If x'M 
#(0), then A (x'M) + ¢. Hence there exists at least one nonzero submodule N’ of x‘M 
such that /(N’) € A (xtM). Since x € P for every P € A (M), we get xEP for every 
PE A (x'M). Sox € 1 (N’) which implies xN’ = (0) ike. f(N’) = O and Since f is 
injective, it follows that N’ = (0), a contradiction. Hence x‘ M = (O)i.e, x' € 1(M),. 


Lemma 2.8—Let M be a fully Goldie module over a commutative ring R such 
that any prime submodule N/M' of a quotient M/M’ of it has a prime closed extension 
T/M’ such that M’'< N<T<&.M. Then given any submodule N of M, any ideal 
B of R and any positive integer n, there is a submodule B"N of N satisfying the con- 
dition : 

B"N = M' (-\ Nand A (N/8"N) = A (M/M’). 


PROOF : We note that every quotient module (M/B"N)|(D/B"N) is isomorphic to 
M/D which is Goldie, and any prime submodule of a quotient of M/B"N has a prime 
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closed extension, Thus by Lemma 2.4 if A (N/B"N) = Y, 4 (M/B"N) = X U Y and 
XQY=4d,then there isa submodule M’ of M containing B"N, with an exact 
sequence 


(0)->M"|B"N > M|B"N -> M[M’ (= (M/B"N)|(M‘]B"N)) > (0) 
such that 4 (M’/B"N) = X and A (M/M') = Y. We then get A (N/B"N) (= Y) = A 
(M/M'), as stated. And by Lemma 2.6. 
A(M’ () N/B*N) = A (M'|B°N (1) N/B"N) 
C A(M'/B"N) ( A (N/B"N). 
Thus, 4 (M’ 2 N/B"N) = ¢, since X VY = ¢. And M’ (\ N/B"N, being a submodule 


of the Goldie module M/B"N, is Goldie. Therefore by Lemma 2.2, A (M’' (1) N/B"N) 
= ¢implies M’ 1 N BN: 


Moreover, B"N C N and M’ contains the submodule B"N. Hence B?N C M1) N. 
Thus B"N = M' () N. 
3. MAIN RESULTS 
We are now ready to present the main results of this paper. 
Theorem 3.1—Let M be a left module which is fully Goldie with respect to 


closed submodules and is such that any prime submodule N/M’ of a quotient M/M’ has 
a prime closed extension T/M' such that M’ < N < TT, < M. Then A (M) is finite. 


Proor : If possible let 4 (M) be an infinite set viz., {P, Q, R, ...}. Write {P} 
simply as P and {Q} as O ete. 


Now if A (M) = P U Y and PAY = 4, then by Lemma 2.4, there exists a 
closed submodule M’ of M such that 4 (M') = P, A(M/M) = Y. And A(M) =A 
(M')U A (M/M’). 


Since Q € A(M), we getO € PU A(MIM’) which gives 0 € A(M/M'). 


Therefore there is one prime submodule B']M’ of M/M’ such that / (B’/M’) =@. 
It follows that A (B’/M') = Q. 


And by hypothesis there is one prime extension M"/M' such that 
B]M'’ < M'/M' Sc M/M' and M'< B'S M" & M. 


Hence 

1(M"/M’) = 1(B'/M’) = Q. 
Therefore 

A(M’|M)=A (B‘|M’) = Q. 
Since 


(0) >M’>M’">M"|M'>(0) 
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is exact by Lemma 2.2, we get 
A(M") € A(M’') U A(M"M ). 
It follows that A(M”") C {P, Q}. 
Again since the sequence 
(0) >M’>M—>M/M"-(0) 
is exact, we get 
A(M) C A(M") U A(M/M"). 
Therefore A (M) C {P, QO} U A (M/M’). 
Is 6s 
REA(M/M’). 
And in a like manner we get another closed submodule M”’ of M such that M’ ay M”" 
< M"and for S € A(M) we get S € A(M/M"), Since A (M) is infinite, we get a 
eine ascending infinite sequence of closed submodules of M. But M, being Goldie 


is finite dimensional and therefore satisfies the a. c. c. on closed submodules. The con- 
tradiction shows that A (M) is finite. 


Theorem 3.2—Let R be a commutative semiprime Goldie ring with 1. If R is 
considered as a Goldie module over itself, then 


A (R) = the set of minimal prime ideals of the ring R. 


Proor : Let P € 4 (R). Then Pisa prime ideal of Rand P =r (N) for some 
prime submodule N of R. We now show that P is a minimal prime ideal of R. 


Let P’ be any prime ideal such that P’ C P. Now (/(P))? C I(P) P' GC I(P)P 
a 0, if T(P) CoP, ive. haf P(P) Gar.) then 1(P) = 0. Since R is semiprime. More- 
over /(R) = 0. Therefore /(P) = 1 (R), which gives (r /(P)) = r (1(R)). Since P = r 
(N) and R = r(0), we getr(J(r(N))) =r (7 (r (0))), which gives r (N) = r (0), i. e. 
P = R. And since P is prime, this is not possible. Therefore /(P) ¢ P’. But P’ is 
prime and/(P)P =(0) C P’. Hence P C P'so that P’ = P, 


Conversely let P be a minimal prime ideal of R. Then P = /(N) for some NCR 
(Lemma 1.16 of Chatters and Hazarnavis’). Therefore P = I(r (1 (N))) = 1(r (P)). 
We claim that r (P) is a prime submodule of R. Let /bea nonzero submodule of the 
R-module r(P). Then P/ = (0). Hence PC 1(1). Since 7] C P implies /?((€ JP) 
= (0), for R is semiprime, we get? ¢ P. Therefore « € 1 (1) gives Ra C P. Hence 
Cie ok ee. 1 (1) Cory clases 1(1). Sol (1) = 1(r (P)), which implies that r (P) 


is a prime submodule of R. Therefore P ~ I(r (P)) € A (R), and hence A (R) = the 
set of minimal prime ideals of R. 
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Theorem 3.3—Let the module M be as in Lemma 2.7. Then 


V/1(M) = Oe PF: 
PEA(M) 


Proor: Letr € \//(M) and P € A(M). Then, for some n € Z*, we have r” 
€ 1(M) and P = !(N) for some prime submodule of M. (Hence, r" € /(N) = P). 


Therefore r"N = Oor,r € /(r*"! N). Since r""N is a submodule of the prime sub- 
module JN, we get 


I(r1N) = 1(N) = P. 


Thus r € P,i.e., 1 (M) € P, P € A (M), which gives 


/1(M)C 1) ~P. The opposite inclusion follows trivially from Lemma 2.7. 
PEA(M) 


Theorem 3.4—Let the module M be as in Theorem 3.1. Then the following two 
results hold : 


(I) There exists a primary decomposition of O in M. 


(II) And if M,M ... AO Mis a primary decomposition of O in M, then A (M) 
= A(M/M,) U ... U A (M/M)). 


Proor : (1) By Theorem 3.1 A (M) is finite. Let A (M) = {P,, <.2, Pc}. “Since A 
(M) is expressible as the union of two disjoint sets 


WE aes Pe ..., Pr} and {P;,} by Lemma 2.4 we get closed submodules M,, ..., M; of M 
such that for every i we have 


(Mi) = {Pip cy Pr ones Pd 
and 
A (M/M1) = {Pi}. 
Now for each i, M/M; is primary and A (M/Mi) 4 A (M/M,) for i ¥ J. 
And, 
A(M, 1... OM) © AM) 0 A (M,). 
Since clearly A(Mi) 1... NA (M.) = ¢, we then have 
A(M, 1... N M) = ¢; and therefore by Lemma 2.2, 
M, 0). 1. Ms = (0) 


A 
If possible let M, M «.. M MO... 01M, = (0), 


650 KHANINDRA CHANDRA CHOWDHURY 


I 


i) M; ar (0), 
py 


for some i, 1 <i< +f. Then we get a homomorphism 


a:M—> © M/M, 
Zi 


J 


os 
m—>(m-+ M,,....m+M...,m + M,) 
We note that kera = {m|me€E ne M;} 
J#1 


i 


(0), by our assumption. 


Therefore « is an embedding and hence 4 (M) C A( @® M/M ;) 
jFi 


It follows from Lemma 2.5 that foreach i, 4(M) C UA (M/M;) 
j=) 

A 

i.e, A(M) C {P,, ..., P;, ... P:}which is absurd. Hence Q* M, # (0). 
iFi 

t 
(II) Next suppose that AF is a primary decomposition of 0 in M. Then the map 

j= - 


7D 
j=1 
ti (m ob M,, sev AGE + M,) 


*. . . i 
1s an embedding, which means that 4 (M) D A( @ M/M)) 
j=l 


and hence 


. 


t 
A(M)C U A (M/M;), by Lemma 2.6, 
f= 


To see the opposite inclusion consider the homomorphism 


B: M M,; > MIM, 
IFi 
m>m+ M 


‘ 
Now ker8 = {m|me \) Mj} = (0). 
iFi 
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Thus 8 isan embedding, and so A ( a! M,) C A(M/Mi). Again by Lemma 
jHi 
22.4 or, M,) # ¢, And since A (M;M;) is singleton we then get 
7o=5 


t 
A ( ie M;) = A (M/Mzi) for every i. Hence it follows that = A (M/M;) = ne t ( 
val 


M,) and since A ( () M,) C A (M) for each i, we finally get, U. A (M/Mj) € A(M). 


jFi j= 
From Theorem 3.2, it follows that is R is a semiprime Goldie its then the intersec- 
tion of all the minimal prime ideals is zero. 


Theorem 3.6—Let the module M be as in Lemma 2.8 and all its quotient modules 
are nonsingular over the finite dimensional ring R. Then given any submodule N of M, 
any n € Zt, n there exists a submodule M’ of M such that 


B" Cv/1(M[M’) and BN = M'() N. 


Proor : For any submodule N of M, any ideal B of R, an integer n € Zt, we 
get, by Lemma 2.8, a submodule M’ of M such that 


B"N = M' (QQ Nand A (N/B"N) = A (M/M’). 
Also by Theorem 3.3 we have 


AP =<VKMIM) ..(i) 
PEA(M/M) 


We claim that B” C /(N/B"N). For, if x1, ....%. © B, then xy, «.. Xn E€ B". And 
therefore x,, .--, X,V C B"N. Thus we have 


Siestke ee LB IN): 
Therefore 
B® C 1(N/B"N) ..-(ii) 
Again if x € / (N/B"N) ,then xN 7B". 
And if P = 1 (D/B"N) € A (N/B"N), 
then xD C xN C B"N. Thus x € 1(D/B"N) 
ie., x € P forall P € A (N/B"N). 


Thus x€E O\P = /I(M/M’), 
PEA(M/M) 


Hence / (N/B"N) € /1(M|M'). Therefore we get BY C V1 (M/M’). 


This theorem ultimately leads us to the Goldie analogue of Artin-Rees Theorem as 
stated. 
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Some equivalent conditions are established for the lattice of saturated sets of 
a commutative ring with identity, to be an infinitely meet distributive lattice. 
Using these, Noetherian regular rings are characterized. 


1. INTRODUCTION 


It is well known that in a commutative ring R with identity, the set S (R) of all 
saturated subsets of R form a complete lattice. In this paper, we prove that R is 
Noetherian regular if and only if R is semiprime and S (R) is a Boolean algebra. Fur- 
ther we establish some equivalent conditions in R for S (R) to be an infinitely meet 
distributive lattice. Using these, we prove that R is Noetherian regular if and only if 
R is semiprime in which, every non-unit is a zero divisor and every completely irreduci- 
ble saturated set is completely prime. 


2. PRELIMINARIES 


Throughout this paper, R denotes a commutative ring with identity. For every 
a €& R, the principal ideal generated by a is denoted by (a). An element a € Ris 
said to be a semiprimary element if / (a) = rad (a) = {xE R[XE (a) for some 
n € Z+} is a proper prime ideal. A non empty subset F of R is said to be saturated 
if, for any x, y € R, xy € Fifand only if x,y € F. The set of all saturated sets of 
Ris denoted by S(R). It should be mentioned that F isa saturated set in Rif and 
only if its complement isa union of prime ideals. Obviously S(R) is closed under 
arbitrary set intersection. For anya € R, the smallest saturated set (Or principal 
saturated set generated by ‘q’) containing ‘a’ is denoted by [a). It can be easily seen 
that [a) = {x E R | xy = a" for some y Ee R and n€ Z* U {0}}. For any {F,} 
C S(R), define V Fa = {x E R| xy = fay -- Son for some y € R and fr,€ Fay, 
free hy Docc. 5 Ht} “Then V F. € S(R) and is the least upper bound of {F.}. Thus 


S (R) = (S(R); VO; (0), [1)) is a complete lattice with [0) as the greatest element 
and [1) as the least element. Also it can be easily verified that if Ris Noetherian 
regular, then S (R) is a Boolean algebra (see Theorem 2). 


An element FE S(R) is said to be completely irreducible if F= N F; 


(F; € S (R)), then F = Fi: for somei. F is called prime if, for any Fi, F2 E€ S (R), 
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F, . F, C F implies either Fi C For fF, C F. An element F € S(R) is called 
completely prime if ( Fi C F ({Fi} C S(R)) then F; C F for some i. F is said to be 
completely join irreducible if F = Vi Fj, then F = F; for somei. All ideals are 
assumed to be proper. 

An element ‘a’ of a lattice L = (L; V, A) with Oand 1 is said to be comple- 
mented if there exists 5 € Z such that aA b=O and a VY b=1 (bis calleda 
complement of a). ZL is called dual semicomplemented if for any non zero element 
a € L, there is 56 E€ L such that b 4 1 anda vy b = 1. A complete 
lattice L is said to be infinitely meet distributive if for any a € L and {a;} C L,a V 
(A ai) = A (a V ai). 


For all undefined terms in Ring theory and Lattice theory, the reader may refer 
to Atiyah and Macdonald’, Birkhoff* and Burton‘. 


4. NOErHERIAN REGULAR RINGS 


We shall begin with the following lemma. 


Lemma \—Let a, b © R.Then (i) [6) C [a) if and only if every non-unit element 
x in [b) is an element of [a) and (ii) (a) C +/(6) if and only if [5) € [a). 


Proor : The proof of (i) is obvious. Suppose ./(a) C v/(b). Letx € [b) and 
be a non-unit. Then xx, = b" for some x; € Randn € Zt, sothatbheE a/ (x). As 


a€ V(a)C V(b) C v(x), it follows that a” = xx, for some x2 € Randm € Z?; 
therefore x € [a) and hence [b) C [a). Conversely, assume that [b) C (a). Ifbis 


uuit, then obviously «/(a) C V(6). So assume that b is a non-unit element. Let 


x € V(a). Then x* = aa, for some k € Z* anda, € R. So thata € [x) and hence 
b € [b) C [a) C [x). Therefore bb, = x' for some i€ Zt. This shows that 


x € \/(b) and thus V(a) C V(b). This completes the proof of the lemma. 


. Lemma 2—Let a € R be a non-unit element. Thenaisa semiprimary element 
if and only if, for any x, y € R, [a) € [x) V [y) implies either [a) € [x) or [a) C [y). 


Proor: Observe that for any x,y € R,[x) V [y) = [xy). Now the result 
follows from lemma 1. 


Lemma 3—Leta,b € R. If ab = 0, then [a)  [b) = [a + b). 


Proor : Suppose ab = 0. Since a (a + 6) = a®, we get a+b € [a) and so 
[a + 6) C [a). Similarly [a + 5) C [4) and therefore [a + 6) € [a)  [b). Suppose 
x 18 a non-unit element of [a) [5). Then xx; = a" and xX, = b™ for some x1, x,E R 
andn,m € Z*. Since x is a divisor of a” and b” (we may assumen = m) it fling 
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that x is a divisor of a” + 6" = (a+ b)"and hence x € [a + b). This shows that 
[a) 1 [b) = [a + 5). 


Lemma 4—Let F and J € S(R). Suppose F V J=[0) and FO J =[I). 
Then F = [e) and J = [| — e) for some idempotents e, | — e € R. 


Proor: As F V J =[0), we have ab = 0 for somea€ Fandbe J. Also 
fa) N [b) C FO J =[1) C [a) 2 [b), so [a) 1 (6) = [a + b) = [1) by Lemma 3. 
Therefore (a2 + b)x = 1 for some x € R. Let e = ax and f = bx. Then ef = 0 
ande + f = 1. Observethat e andf are idempotents. Since x is a unit, x € F; so 
e=ax€F. Similarly fE€ J. We claim that F = fe)» Clearly <(2):G. ts bet 
y € F. Theney € F and hence [ey + f) = [ey) O [f) (as eyf = 0) C FO J = (I). 
Consequently (ey + f) x1 = 1 for some 1 € R. Nowe = (ey + f) x, e = ey* 
= y(ex,), hence y € [e). This shows that F = [e). Similarly J = [f). 


Lemma 5—Let L be a complete and infinitely meet distributive lattice. If Z is 
dual semicomplemented, then Z is a Boolean algebra. 


Proor: Suppose L is dual semicomplemented. Since L is distributive, it is 
enough if we show that every element a € L has a complement in Z. Let a € L. 
Put¥= {bE L|aVb=1}. As L is complete A b exists. Leta*= A 5b. 

beEx bEX 
Then a Vat =av( Ab)= A (Vv 4) =1. Now we claim that a A a* = 


bEXx bEx 
Suppose a A a* #0. As Lis dual semicomplemented, there exists 6 € L such that 
b # land(a A a*) V b= 1. Clearly a V b = 1landa* Vb=1. Sincea Vb = 1, 


it follows that b € X,so that a* < > and hence b = 1, a contradiction. Therefore 
a \ at = Oand so a* is a complement ofa. This completes the proof of the lemma. 


Lemma 6—Let F € S(R). Then Fis the intersection of all completely irredu- 
cible saturated sets that contain it. 


Proor: Similar to Theorem 2 of Ramana Murty’®. 


Lemma 7—Let S (R) be a distributive lattice and [a) (a € R) be a joint irreducible 
element of S(R). Then a is a semiprimary element. 


Proor : Let x, y © R. Suppose [a) C [x) V [y). Then [a) = (a) (x) V by) 
= ([a) 1 [x)) V [((a) 1 [y)) (as S (R) is distributive), so that either [a) =[a]Q [x) or 
(a) = [a) M [y) and hence either (a) C [x) or [a) C [y). Consequently by Lemma 2, 
a is a semiprimary element. 


Now we characterize regular rings and Noetherian regular rings as follows : 
Theorem 1—R is regular if and only if R is semiprime and for each a E R, [a) has 


a complement in the lattice S (R). 


Proor : Suppose R is regular. Clearly R is semiprime. Leta € R. As R is 
regular, (a) = (e) for some idempotent e € R. By Lemma 1, [a) = [e). Obviously 
[1 — e) isa complement of [2). 


656 Cc. JAYARAM 


Conversely, assume that R is semiprime and for eacha € R, [a) has a comple- 
mentin S(R). Leta € R. Then by hypothesis and Lemma 4, {a) = [e) for some 
idempotent e € R. Now by Lemma I, V(a) = V(e) = (e). Since e € (a), we 
have e = e" € (a), so that (a) = (e) and hence & is regular. 


Remark 1: The following examples shows that the conditions, assumed in 
Theorem |, are independent. 


Example 1—Let Z, = the ring of integers modulo 4. Then S (Z,) = {[0), [1)}. 
It can be easily seen that for each a € Z,, [a) is either [0) or [1) and so has a comple- 
ment in S(Z,). Infact S (Z,) is a two element Boolean algebra. But Za is not semi- 
prime as 2-* = 0 and 2-0. 


Example 2—Let Z be the ring of integers. Clearly Z is semiprime. Also it can 
be easily seen that (2) has no complement in S (Z). 


Theorem 2—R is Noetherian regular if and only if R is semiprime and S (R) is a 
Boolean algebra. 


Proor : Suppose R is Noetherian regular. Clearly R is semiprime. As Risa 
Noetherian regular ring, it follows that R is a direct sum of fields, say R= F, @ ... ® 
F,. Since the prime ideals are P; = a Fi, j = 1, 2,...,, S(R) is isomorphic to the 


7j 
Boolean algebra of subsets of ¥ = {1, 2,..., n}. 


Conversely, assume that R is semiprime and S(R)is a Boolean algebra. By 
Theorem 1, R is regular. Let P be a prime ideal of R. Observe that R — P isa 
saturated set. As S(R)is a Boolean algebra, by Lemma 4, R — P = [e) for some 
idempotent e € R. Now it can be easily verified that P = (1 — e). Again since 
every prime ideal is principal, it follows that every ideal is principal and hence R is 
Noetherian. This completes the proof of the theorem. 


Remark 2: From above examples in Remark 1, it can be easily shown that the 


conditions “(i) R is semiprime and (ii) S (R) is a Boolean algebra’’, of Theorem 2 are 
independent. 


Theorem 3—The following statements are equivalent : 


(i) For every a € R, there exists a, € [a) such that aa, = Pick, Po Ps tre 
semiprimary elements. 


(ii) S (R) is an infinitely meet distributive lattice. 
(iii) Every completely irreducible saturated set is completely prime. 


| PRooF : (i) > (ii). Suppose (i) holds. Let F € S(R) and {F;|j € A}bea 
family of saturated sets of S (R). Clearly FV (NF) CO(FY F;)). Lettaen 
j j j 


(FV F)). Thenae Fy F; for all j € A, so that for each j € A, there exist a,ER 
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such that aa; = f;g, for some f; € F and g,€ F;. By (i), there exists a, € [a) 

and P; € R(i = 1, 2, ...,n) such that aa, = P,. P,...P, where P;’s are semiprimary 

elements. Since for each i € {I, 2,...,m},P;) € [aa) =[a) V [a,) = [a) C [a) V 

(a;) = [f;) V [g;) for all 7 € A, and P; is a semiprimary element, by Lemma 2, each 

P; E[f;) or P,;E(g) for all j E€ A; so that for eachi € {1, 2,....2} P;) € F or P} © F, 

for all j © A and hence P; € F or P} © 1 F;. Therefore each P} € F V (1) F)). 
j 4 


Consequently a€ F yv (n F,). This shows that F V (1) Fj) = (F V F;) and 
4 4 
therefore (ii) holds. 


(ii) = (ii) is similar to the proof of Balachandran? (Theorem 2, (iii) <> (iv)). 


(ii) > (i). Suppose (ii) holds. First we show that, for any b € R, [b) is the join 
of completely join irreducible saturated sets. Since S (R) is a complete, infinitely meet 
distributive lattice, by Lemma 3 of Balachandran’, it is enough if we show that, for any 
F € S(R), if F © [b), then there exists F, € S(R) such that F C F; C [b) and there 
is no element J € S(R) such that F, C J C [b). Suppose F C [b). Let Y= JES 
(R)/F € J C [6)}. Then by Zorn’s lemma, © contains a maximal element say F. 
Obviously F; satisfies the above condition and hence [b) is the join of completely join 
of completely join irreducible saturated sets. 


Now leta € R. By the above argument, [a) is the join of completely join 
irreducible saturated sets. Since every completely join irreducible saturated set isa 
principal saturated set, it follows that [a) = V [a.) where, for each a, [a.) is comple- 

a 


tely join irreducible. By Lemma 7, each a, isa semiprimary element. Since a € [a) 
= V [a.), there is b € Rsuch that ab = f, fo. f, for some fi € [ax ). Also for 


af 


i € {l, 2, ...,n}, there exist g) € R such that figi = a, . Now a (6g,...8,) = (fi-- fr) 


~ 


n 


n x 
(2;..-22) = a, eer 5 i 
P; is a semiprimary element. Thus for each a € R, there exists a; € [a) such that 
aa, = P, ... P,, (Pi’s are semiprimary elements) and hence (i) holds. This completes 
the proof of the theorem. 


Put a; = bg1... g, and P; = a, . Then a, € [a) and also each 


Theorem 4—R is Noetherian regular if and only if R satisfies the following three 
conditions. 


(i) R is semiprime. 
(ii) Every nonunit in R is a zero divisor 
(iii) Every completely irreducible saturated set is completely prime. 


Proor : Suppose R is Noetherian regular. Obviously R satisfies the conditions 
(i) and (ii). Again, S (R) is a finite Boolean algebra; so (iii) of Theorem 4 is satisfied. 
Conversely, assume that R satisfies the conditions (i), (ii) and (iii) of Theorem 4. 
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First, we show that S (R) is dual semicomplemented. Let F € S(R) and F ¥ [I). 
Then there exists a € F such that a is a nonunit, so that by (ii), ab = O for some non- 
zero element b € R. Obviously F V [b) = [0) and [b) ~ [0) (by semiprime property). 
Therefore S (R) is dual semicomplemented. Again by the condition (iii), Theorem 3, 
and Lemma 5, S (R) is a Boolean algebra. Now by (i) and Theorem 2, R is a Noeth- 
erian regular ring. This completes the proof of the theorem. 


Remark 3: We now show that the conditions (i), (ii) and (iii) of Theorem 4, are 
independent. 


(a) Let Z, be the ring of integers modulo 4. Obviously Z, satisfies (ii) and (iii). 
But the condition (i) is not satisfied in Z4. 


(b) Consider the ring of integers Z. Clearly Z is semiprime and satisfies the 
condition (i) of Theorem 3, so that by Theorem 3, Z satisfies the condition (iii) of 
Theorem 4. Also 2, which is a nonunit, is a nonzero divisor. Therefore the condition 
(ii) of Theorem 4 is not satisfied in Z. 


(c) Let X be an infinite set. Then P(X) (Power set) is an infinite Boolean ring 
and so it is semiprime and every nonunit in P (XY) is a zero divisor. Also it can be 
easily seen that the zero element 0 (namely the empty set) cannot be written as a 
finite product of semiprimary elements and therefore by Theorem 3, every completely 
irreducible saturated set need not be completely prime. This shows that the condition 
(iii) of Theorem 4, is independent. 
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A Bihari type nonlinear integral inequality in two independent variables is 
considered for non-negative real-valued functions, by relaxing the conditions 
of sub-additivity, submultiplicativity and such other stingent conditions on 
the nonlinear function, imposed by earlier workers, which severely limit the 
class of admissible nonlinear functions. We prefer to impose some conditions 
on the free term outside the integral sign and obtain pointwise estimates, 
which are applicable to a larger class of nonlinear inequalities. 


1. INTRODUCTION 


We consider a Bihari-type inequality of the form 


¢ (x,y) < a(x, y) + di c(s, 1) W[¢ (s, ds dt,x >0,y >0 ...(1.1) 


—~ Wear Tt | 


in two independent variables. 


There are many papers dealing with (1.1) or its one dimensional anologue or 
even with more general inequalities in one or two dimensions'~*’7"*""!~!8, However, in 
all the earlier work, particularly in two dimensions, one or more of the following 
stingent conditions are imposed on W. 


(1) W is sub-additive. 
(2) W is sub-multiplicative. 
(3) W is convex. 


(4) + Wh) <Wluh), uv > 0,¥ > 0 
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(5) There exists a function ¢ continuous on [0, oo) with 


W [u + av) CW[u] + 6 (4) W [vy] for « > 0, u,v > O. 


a 


Our aim is to relax such conditions on W, which severely limit the class of admissible 
non-linear functions W in (1.1). Other conditions assumed by earlier workers for the 
study of (1.1) are 


(6) The functions ¢, a and care real-valued continuous and non-negative for 
xs Oise: 0, 


(7) W [u] is a real-valued positive continuous non-decreasing, function for u > 0. 


We retain these assumptions (6) and (7) and add an assumption on the function 
a (x, y), not taken by earlier workers. 


(8) The derivatives ax (x, y), ay (x, y) and Axy (x, y) of the function a (x, y) 
exist, are continuous for x > 0,y>0 and a, (x,3) > 0, ay (x, ¥) > 9 while 
axy (x, y) < O there. 


In the next section we obtain point-wise estimates for ¢ satisfying (1.1) subject to 
conditions (6), (7), (8) above. The importance of such results in the study of the 
qualitative behaviour of the solutions of differential and integral equations including 
the existence via monotone methods’, uniqueness and continuous dependence on initial 
conditions’*, and stability’, is well illustrated by earlier workers and so we do not 
discuss such possible applications of our results here. 


2. THE MAIN ResuLT 


The main result of this paper is contained in the following 


Theorem 2.1—Let (1.1) hold subject to conditions (6), (7) and (8) of Section 1. 
Then 


# (x, ¥) < Q* [Q {a (0, y)} + Q {a (x, 0)} 


- 2{40,0} + fhe dewx>0y>0 21) 
where 
r ds 
a | waa: ...(2.2) 


"9 


Q™ is the inverse function of Q, and it is 


. . assumed that the quantity in square bracket 
on the right side of (2.1) belongs to the d 


omain of Q-}. 
PROOF: Define 
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u (x,y) = a(x, y) + if c(s, t) WI[4 (s, Dds dt 


so that 

u (0, y) = a (0, y), ux (x, 0) = ax (x, 0), uy (0, ») = ay (0, 9). 
Then 

(a) ¢ (x, y) Su (x, y) (23) 
and 


(b) uy (x,y) = ax (x) + j c (x, t) W [6 (x, t) dt. 


Since ax» (x, vy) < 0, we shall have 
uxy (x, ¥) <c (x, y)WId (% DI 
< ¢ (x, y)Wlu (x, y))- 
Thus 


Uxy (x, y) 
Wu, ml =o 


so that, since ux, uy are non-negative, we have 


W [u (x, y)] uxy (x, Y) are yy es (x, y) uy (x, y) W' [uN 


W? [u (x, y)] W? [u (x, Y)] 


Keep x fixed, set y = ¢ and integrate w.r.f. t from 0 to y to get 


ux (x; y) ax (x; 0) 


Wie Gon < Wla, Olt Jew igh 


Using the definition of Q in (2.2), we obtain 


x (x, 0 i 
osu GM < pe + | eG nat 


Keeping y fixed, set x = S and integrate w.r.t. s from 0 to x to get 


Q [u (x, y)] < Qa, y)] + Q [a (x, 0)] — 2 [a (0, 0)] 


+ { f c (s, t) ds dt. 
00 
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Since Q is strictly increasing, so is Q-'. Therefore 


u (x, y) < Q-* [Q [a (x, 0)] + Q [a (0, y)] — Q [a (0, 0)] 


+ j j c (s, t) ds dt). 


0 


Substituting this bound on u (x, y) in (2.3), we get the desired estimate (2.1). 


3. Discussion 


There is a Large class of functions, satisfying the condition (8) of section 1. 

For example, if F, f, g are continuously differentiable non-negative functions on 
(0, ec) for which F’ (&), f’ (), g’ (E), are > 0, while F” (2) < O for & € (0, 9), then 
the composite function 


a(x,y)= F[rQ) +2 ()] --- 3.1) 
satisfies the conditions (8). 

F(&) = K&,0<¢a < 1,6 € (0, 9) 

F(&) = Klog(1 + &) 


where K > 0 is a constant, are some examples of F, while the set of real-valued func- 
tions on [0, ©) is rich with non-negative non-decreasing differentiable functions [0, oo), 
Thus a function having the form (3.1) in general, and a constant function in particular, 
can be always found to majorise the given free term a (x, ») on aclosed and bounded 
sub-domain of the first quadrant. 


The characteristic initial value problem for a hyperbolic differential equation’? 
pxy (X,Y) =c (x, ») W [4 (x, y)] sect s2t 


[Walter’®, p. 146-151] when converted to an integral equation, generates a free term 
of the form[ f(x) + g (¥)], which is of the form (3.1) if f and g are positive and non- 
decreasing, or else the free term can be majorised easily by a function of the form (3.1). 


Again the functions of the form c (x, ») W [¢ (x, y)) appearing on the right side 
of (3.2) can be used as majorising functions in the study of the qualitative theory of 
nonlinear differential and integral equations’, Thus Theorem 2.1 has a wide range 
of applicability. 
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In this paper a theorem on | N, Pna|x summability factors has been proved 
under weaker conditions than the theorem of Bor?. 


§ 1. Definition—Let 2 a, be a given infinite series with the sequence of partial 
sums (s,). Let (p,) be a sequence of positive real constants such that 


P, = X py > c9 asn > 00, (P_, =p, = Osi. er OE 


v=o 


The sequence-to-sequence transformation : 


n 


Diy SS Po S, S19) 


v0 


defines the sequence (u,) of (NV, Pn) Mean of the sequence (s,), generated by the sequ- 
ence of coefficients (p,). The series © a, is said to be summable | V, p, | x, k > 1, if 
(see Bor') 


co 
2 (PalPn)*-* | Up — U,-, | * < 0, oectleas 
In the special case when p, = 1 for all values of n (resp. k = 1), then | NV, Dp | & 
summability is the same as | C, 1 | x (resp. | .V, p, | ) summability. 
§ 2. Quite recently Bor? proved the following theorem. 


Theorem A—Let k > 1 and let (X, 
there be sequences (8,) and (A,) such that 


[AA 1 <8, vaa(2.1) 


) be a positive non-decreasing sequence and 


B, >O0asn > co 


on(o as 


* Mailing address: P. K. 213, Kayseri 38002, Turkey. 
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oo 
2 n | A Bn | +e < oo ae 24) 
A, x, = O'(1) a(2.4) 
and 
“1s, 1 ¢ 
rain O (X,) asn > ce, S20) 
y™=1 


Suppose further, the sequence (p,) is such that 
P, = O (np,) ...(2.6) 
Py A Pn = O (Pn Pas): .. (2.7) 


co 
: Ages 
Then the series yy Anta ts is summable | V, p, | x. 
n=1 
If we take k = 1 in the Theorem A, then we get a theorem of Mishra and Srivastava‘. 
§ 3. In this paper we shall prove the following theorem. 
Theorem—Let k > 1 and let (X,) be a positive non-decreasing sequence and the 


sequences (8,) and (A,,) are such that conditions (2.1)—(2.7) of the Theorem A are satis- 
fied with the condition (2.5) replaced by 


. ese 0 nt 
pepe 0 (X,) ASSL -> o> metals 
yo 


co 


Poe Ag tt 
—_—— is 
nD, 


where (f,) is the nth (C, 1) mean of the sequence (na,), then the series 
nei 


summable | V, p, | x. 


It should be noted that the condition (2.5) implies the condition (3. 1), but the 
converse need not be true. So we are weakening the hypotheses replacing (2.5) by 


(3.1). 


§ 4. We need the following lemmas for the proof of the theorem. 


Lemma 1|°—Let (X,,) be a positive non-decreasing sequence and the sequences 
(B,,) and (A,) are such that conditions (2.1)—(2.3) of the Theorem A are satisfied. Then 


nB, X, = O (1) (4.1) 
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big > egy (4.2) 
n=] 


Lemma 2—If the conditions (2.6) and (2.7) satisfy, then A (P,/p, n?) = O (1/n?). 
PROOF: We have that 
ig ] Fe fe 2n + 1 
e eae (n+ +i \>p a Ls P, ° n(n + 1) 
l 
ea (2 stad ot? Qn + 


——_—_—_ S—- 


(n Be I} Pn Pn+i : n* (n + 1} 

1 | 1 2n + 1 
GIP | Gp a) lee 
ae el {F—A Py} 4 Pe 2n + 1 
Bene tb Pn Pn+i sn a 


= O(I1/n*), by (2.6) and (2.7). 
This completes the proof of the lemma. 
Remark : It should be noted that from the hypotheses of the Theorem, A, is 
bounded and AA, = O(1/n). This can be shown like this. Since (X,,) is non-decreas- 


ing, XY, > Xo, which isa positive constant. Hence (2.4) implies that (A,) is bounded. 
It also sailedis from (4.1) that 8, = O (1/n) and thus (by (2.1)) that AA, = O (1)n). 


— co 
§ 5. Proof of the Theorem—Let T,, be the (NV, p,) mean of the series > P,, Gy An 
n=l 
np,. Then, by definition, we have 


T, = (1/P,) z Py E Pray Arlrpr = (1[Pq) & (Py ~~ Py) Py ay dolvPo. 
y= r=] v=l1 


si ee) 
Then forn > 1 


Ty — Ty-1 ™ Py (Py Pang) B Pooy Pi a, Agios 
pl 


= DS (Phe) ee P,_, P, a, vA,/v?p,. 
y= 


Using Abel’s transformation we get 


‘i a T- Pe 6 —P,-)° ; by A (Po- 1 Ps A,[v® Pr) z rath =f A,[n® b> vay 


vel 
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n~1 
crag! age (Poor) a (P.|D.) (v a 1) t, Py A,|v* 
haat 
talin ini) 2 P, Po NAG el) hye Pp, 
vel 


Res 
= Pn (P,—P,-1)! py P3 Nott (v ae 1) ty A (Pev* Po) 
y=] 


HPA t, CF rin 
mune at FI aI Tse ai Ths3 + i Say. 
To prove the theorem, by Minkowski’s inequality, it is sufficient to show that 


SE (Plp,)'— | Tor | * < ©, for r = 1, 2,93, 4. (5.2) 
nel 


Now, applying Hdlder’s inequality, we have that 








m+1 
iS 253 yi = eet 
k-1 3 : A, —=s 
(Pr!Pn) | Fi ie P, Pk a Py Py ty y 
n=2 n=2 








m+1 


=o (Neen Pn {5 Eaten at 











n=2 PF, y==1 
<P, \k 1 
=o 4 pees 
- 0S 5 P, Pra 1>(e) nt Plt | 
naw 
«test 
Pets Po 
m+] n—-1 P : \ 
00 Sz {S(Zyannned} 
m m+1 
| P, Dn 
=o > (2) attr lel* > pe 
yel “ n=y+1 


— 


=o > (2) [AEA 1As | Pel tel pe oe 


y= 
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an.O o> (® ie | Avllt, | * + 


by | A, | = O(1). On the other hand since P, = O (vp,), by (2.6), we have that 


m+1 





>, Pale | To |* = O11) Ss vt | Alte | 
-0() Sir! lL 


I 


m~tl v 
OWE IAAL EZ rj] é 
y= r=) 
+ O(I)|A,| 2 v4], ]* 
p=l1 


m-} 
= O(N) a | AA, | X, + O(1) 1A, | & 


O(1) © B, x, + O (1) | An | Xm = O(1) 


as m -> oo, by (2.1), (2.4), (3.1) and (4.2). 
Now, using the fact that (P,/v) = O (p,), by (2.6), we have that 


m-i1 


(En Pal ae | f fee | fi 


n=2 


m+1 


ae > Bat, pe 
P, PE, Vv 


n=2 


0m {Ss LAAT Pel tel} 


k 


l 








I 





m+] mT 

2 Pn 

= 00 Spo a{D Paleo Lari tt 2) 
Nnm2 ea! 


m= 


x 1p k=1 
ra 2} 


v=) 
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m+1 


=O) > (PoP I* tel Po D pp 
iba 





P,Pn-1 


n=ytl 


= 0(1) 2 (Pulpit | Bay | * | tol 
oe AY, E (Pp) EBas | os] Ake Ate ls 


= o> aD = fe, Po fea 
a 


= 0(1) E81 tI" 
by (2.1), (2.6) and Ad, = O (1]¥). 
Hence 


m+1 


SD, Palen)? | Tova | o> g,11.|*= 00) > v By te 


naz vm) om] 





m—1 


= 0() > S08) Sle 


Ps =) 


= Vtedlen 
a ocymp, >, et 


v=l 


OE ¥| AB, |X + O(N) E BX 
val v=] 


+ O(1) mB, Xm = O()) 
by (2.3), (3.1), (4.1) and (4.2). 
Now, since A (P*/Py y,) = O (1|v*), by lemma 2, we have that 





mil m+} Z n—1 t 
s . . Wr 
Sew tal > SPL A (PolPe ¥9) ers OD fy 
n=2 No2 n* n—-\ ym 
m+1 n-1 
1 v+1)* 
= 00) > {> Pel renlltol 5 I 


n™=2 néAn-l v=) 
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I 
ie) 
oy 
= 
sv 
hy |= 
= 
~ 
”-~ 
~~ 
ee 
v 
c 
— 
co 
a 
~ 
c 
ns 
= 
= 
— 


l 
= O(N) > (Pala Po Se | doar | | Reva Ute |? 


c=) 





> pis = 0.0) S (Pol Be | Ae ltl 

= 0(1) 7 SL Aes LL te 1 
00> Ian! HL - oy > | doa 
> +00) Lana | Stel E 


m-1 
=O (1) co, DAys1 | xX, +0 (1) | Ami | Xm. 
Since (X,) is non-decreasing we have that 


m+1 
> (P,|p,)k rae on 
aa I Pn) | 1S O (1) ay Arv4 X 41 oe O (1) | Am+1 | Xmi1 


m 
rs O Ce | AA, | nt to (1) | Am+1 | Xn+1 


I 


O ™m™ 
(1) a B,, X, + O (1) | Am4y1 | Ants 


= O (1) as mee, by (2.1), (2.4), (2.6), (3.1) 
and (4.2), 
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Finally, we have that 


SS (Papa! | Tou * = > Pap (LEPY Sia id 


I, baad! | n@=1 





n* 


=U DSaltaleser aa 


n=l 


=O w> nia 1 ya, | #1 Aallte | 


As in T,,,3, we have that 
= ap.) | dese | k= O (1) ASC eos 
Therefore, we get that 


Z (P,|p,)*-? | Tase | * = O (1) as m > 9, for r = 1, 2, 3,4. 


n=l 


This completes the proof of theorem. 
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ON THE INTEGRALS OF BMOA FUNCTIONS 


N. DANIKAS 
Department of Mathematics, Aristotle University, Thessaloniki, Greece 


(Received 9 February 1987) 


In the present paper we prove that the integrals of BMOA functions form, 
under the usual multiplication and with a suitable norm, a Banach algebra. 


§1. BMOA functions (analytic functions of bounded mean oscillation) are the 
functions f € AH? with 


sup ||frll2 < co, where 
CED 


z+ 


fe@=s(- ae )-s/@ fort, zinD = EG|z1<1. ..W) 


With || f\lx = | £(0) | +. sup || fell, the BMOA functions form a Banach space, topolo- 
D 
gically equivalent to (H’)* (Fefferman and Stein‘). 


Further we let G denote the Banach space of Bloch functions, i. e. the functions 
analytic in D, with 


Ifll = If@ 1 + sup —|[z1|%X|f' @|<co --.(2) 
B zED 


and recall the well-known inclusion BMOA C & (Pommerenke’, p. 592), 


The space BMOA is not an algebra under the usual multiplication. For instance 
the square of the BMOA function log (1 — z) is not even a Bloch function, because it 
violates (2). On the other hand Anderson et a/.1 (p. 29), have shown, that the inte- 
grals of Bloch functions have this algebra property. It is also known that the Bloch 


functions coincide with the analytic functions in D, which are BMO as functions of 
~ two real variables?. 


So it is natural to ask whether the integrals of BMOA functions form an algebra. 
This is exactly the question answered in the present note. 


Using as auxiliary Lemma, which is given separately in section 2, we prove in 
section 3 that the class of integrals of BMOA functions is, under the usual multiplica- 
tion and with a suitable norm, a Banach algebra. 
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§ 2. Let f€ H®*. For the functions f¢ defined in(i) we have after a short 
calculation 


1 = 


2 
n =z 





fle = =| [iF @1 hoe 


D 


dz, mA) 





and consequently, 


SE BMOA == Iiflle =| 1 + sup ||| 1s’ © | toe 
CED e 





x | ae (aal <x +4) 
C-—2z 
where d: Q = dx dy, ifz = x + iy. 


Since it is not easy to handle the logarithm under the integral sign in (3), we 
shall now give an equivalent expression for ||fs||; , which does not involve any logari- 
thm, while the derivative of / is still present. 


Lemma—lIf f € H®, then for all € € D 


miifelt < (fis Ol Sater a ae de < ms IIfel? 
D aes. 


where ™, Mm, are absolute constants. 


: : z— 
Proor : By taking into account (3) and using the transformation w ears 
1— @& 


we have to prove following estimate for all f € H* and CED: 


m [is @l tose @a<ffl flO 1219 do 


D D 





< m, {| Life (2) * log : d; Q. ay bY 
D 
The right-hand inequality is obvious, because 


l 
$e i2 2) 1 — 1 z"| < log eas every z € D. 


For the left-hand inequality we note that if} < a eae ¥ 


then 
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l ] 
—-< — —1 <2(1 —|z|?). 
Be ( | 


log iz 


Hence for all € D 
PU] 1 lt toe hans ffiZ@ra-iziyao. 
§<|z| <1 D 

For any © € D we set 


r={( if @l0-[219a0= [ ec) (1 — P*) ae, 


where 
2n 
19 : ig : 
z=Pe and o(P) = pPlir (Pe )|?2 dé. 
0 


A classical result of Hardy asserts that 9 (P)is monotonically increasing in [0, 1) 
(Duren®, p. 9). From this we obtain for an arbitrary r € [0, 1) 


L> J 9(P)(1—p) dP > o(r)f (1—p%) ap > o@r)8 (1 —r), or 


e(r)< ‘o> < 6L,when0 <r < }. 





It follows that for every € € D 
1/2 1/2 


, 
|; @)|* log dO = | 9 (r) log 7 ar <6L| tog ~~ dr 
O< |z]| <1/2 0 0 


< const. \| ly, (120 —|z|*)d-a 
D 


which completes the proof of our Lemma. 


§3. We are now able to prove the main result of this note : 


Theorem—Let f; € BMOA, i = 1,2 and 


F; (z) =J Si (8) de, z © D, 
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Then there is a constant K such that the norm ||¥1|| = K || fill, satisfies the inequality 
Fi Fell < WFiIl | Fell. 
Proor : Setting 
F, (2) F, (z) = j g (z) dz,z € D, 
we have to prove that 


IIglle < K llfille Il fell: 


The first step in the proof is the following simple estimate : 


le @l? < (lff OIRO! +21A@OlAL@1 + lh @Oll Fi 2)? 


< const. | fi (z) | *lFellg, + const. | fy 2) | "Filles 





+ const. | fi (z) |? | f(z) 12,2 © D. ...(6) 
For every f € BMOA it is known that 
] . 
If@1<Iflle log = sarge ah FO}, Ze. D. Reh 
Proor : f € BMOA implies f Bloch and hence If @i< Ilflle == = ———~ <|| fll 


Ee from which the above inequality follows easily by integration (see 
— Z 


Pommerenke®, p. 592, for the details]. 


Using (7) and the fact that Fi, F, are analytic in D and continuous in D (Duren’, 
p. 42) we obtain 


Filleo = | Fi (| < j Lfil(se’®) Ids < const. |Ifills J log a ds 


—s 
+ |fi(O)| < const. | fille, 2 = 1, 2. .«(8) 
Setting now for brevity 


1g 18 Ge 7 Be 
A(o, z) = ee 5 as es ¢,z€ D. 
(6) = i lg’ (z)|° Ab, 2) 4 Q, 
we deduce from (6), (8) and our lemma 


1(¢) < const. || fill, ll fll, + const. {| [Al*lfl2?AG, 2) 422 
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On the other hand the obvious inequality A (%,z)<(1+/%])(+]z|)<4 
and (7) yield 


[JIA@rPisOl4G a0 <I4K8 ifs ||(t08 q+!) a0 


1— Izl 
D D 


< const. || Alle Wally ...(10) 


as an easy calulation shows. 


Since g (0) = 0, (4), (9) (10) and again the Lemma imply 
lish, = sup 7(5) < const Ifill, AIR, 
= Sep 


and the proof is complete. 
An immediate consequence of our theorem is the following corollary : 


Corollary —The integrals of BMOA functions form under the natural multipli- 


cation and with the norm defined in the statement of the theorem a Banach algebra 
without unit element. 


Of course we can supply this algebra with a unit element in the canonical fashion 
(Rudin®, p. 228). 
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A CLASS OF EXACT SOLUTIONS IN PLANE ROTATING MHD FLUID 
FLOWS 


H. P. SINGH AND D. D. TRIPATHI 


Department of Mathematics, Banaras Hindu University, Varanasi 221005 


(Received 23 March 1987) 


A legendre transformation is employed to obtain a partial differential equ- 
tion of second order which is exploited to obtain solutions for variably 
inclined plane rotating viscous incompressible flows with orthogonal magne- 


tic and velocity fields. Lastly, radial, vortex and hyperbolic flows are 
discussed. 


1. INTRODUCTION 


Transformation methods has been extensively used in literature for analysing and 
classifying the differential equations. Mathematical complexity of the phenomenon 
induced by many researcher to adopt a rather useful technique of investigating special 
classes of flows. These special classes of flows yielded various soluble second order 
mathematical structures. In the area of fluid mechanics Martin’, used a type of trans- 
formation of variables from physical plane to velocity plane, to study the plane flows. 
An excellent survey of the method with application to various other fields was given by 
Power and Walker’, Bloomer ef al.®, Singh and Tripathi‘, determined the flows geo- 
metries when the velocity magnitude is constant along each stream lines. 


In present work using legendre transformation, we obtain a linear partial dif- 
ferential equation of second order, a solution of which leads to the velocity field of a 
flow. This approach is illustrated by considering the different problems and solu- 
tions for radial, vortex and hyperbolic flows are obtained. 


2. FLow EQUATIONS 


The steady flow ina rotating reference frame of a homogeneous, incompressible 
viscous fluid with infinite electrical conductivity is governed by the system of equations? 


div pv = 9 net a8 
p [v. grad) v + 20 x ytox(wxn)= —gadptavvtTe 
Ne 4 » | Bk REA 


curl (v X H) = 0 PAE) 
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and 
div H = 0 ...(2.4) 
where v denotes the velocity vector; H the magnetic field vector; p the fluid pressure; 


r the radius vector; w angular viscosity vector; P, 1, » are fluid density, coefficient of 
viscosity and magnetic permeability respectively. 


In the case of plane flows H is in the plane of flow and orthogonal to the velo- 
city field. Introducing the functions 


: 7 ov — Ou oe 0H, 0H, 
Ox byes) Ox: ay tare 
h=3Pv?+ p’—4tloxr|? cael Seon 


where p’ is the reduced pressure, p’ = p — 4 | X r |? and the last term being the 
centrifugal contribution of the pressure® (p. 69). Let « = « (x, ¥) be the variable angle 
such that « (x, y) + 0 for every (x, y) in the region of flow, eqns. (2.3) yields 


uH, — vH, = qHsine =k fhe) 
ul, + vH, = qHcos« = k cot « 
where 


H = (H; + HH?) and g = (uy? + vr, 
Considering these as two linear algebraic equations in the unknown H,, H,, such that 
gta k 
H, = a cota — v), Hy = ot (v cot ~ + u). a hy 8 


The above system of equations (2.1) — (2.4) is replaced by the following system : 


m+ fe <0 (2,8) 
y Fg ~ PE y— 2pov + EE (woot a + yj — — 2h .-.(2.9) 
a — P&u— 2poun — ie (cot « — y) j = > ---(2.10) 
(v? — u® — 2uv cot «) (34+ x + (v? cot « — u* cot a + 2uy) 

(4 a )+ a (u—? cota + oot «) = 0 (2,11) 


ex oy a SS 
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and 


7 ucot« +u é ucota—vy 
k = ( <" Tae Titel be a es ( a =] 
ax q? ) Shay 7 ) tF aef2zto) 


This approach leads to us the study of flows after hodograph transformations in the 
hodograph plane. 


3. GENERALITIES 


As mentioned in the flow equations vu = u(x, y), v = v(x, y), then Jacobian 


F) ; 
7 txt) = a oy du Ov 


= eT Ta ax 00 <| IIo. .-.(3.1) 


We may consider x, y as function u, v by means ofx =x (u,v), y=yY v), then 
we have 


Be CA) eee Wok ¢.7 002 
J (x, y) = 9 (x, ») = | Btu. v) (u, ¥) 1 = j (u, v). pe pe), 


Employing these transformation relations for the first order partial derivatives and eqn. 
(3.2) in the system of equations (2.8)—(2.13), the transformed system of partial dif- 
ferential equations in the (u, v) plane is, 

















ox DY a3 
du as ov a) 
Ga) 7 pees ia Be USD, 
n J a7) eee 7 (v cot « + u) j ai a tu, V) 
...(3.4) 
é (&, y) pk* ee eee ae) 
nJ On, a Eu — 2pou +7 (ucota —vy) fjHJ FG Ont 
tata 
: 2 2 Quv + (u® — v*) cot a] ee 
[v (u? + v*) rt cot « — 2uv + ( 
2 3 : ay ox 
+ [2uv cot « + (u? — v’?) —v(u + v*) Fu cot «] —, 
; 2 a _) A cot «] a 
4 [2uv cot « + (ut — v2) —u (ue + ay ae 
dl 2uv 5 Pip) cot al 0 
+ [u (u? + v*) re cot a + 2uv + (v i = 
RS, 


J ( ox se x)= E 3.7) 
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é(vcota + u)g™’, y) @ (x, (ucot « — v)q *) | = 
ns [ oe: cote. J. ...3.8) 


The equation of continuity implies the existence of stream function ¢ (x, y) so that 





d) = — vdx + udy 
or 
re de 
ee PCa mee Pe ed | 


Likewise, equation (3.3) implies the existence of a function LZ (u, v), called the Legendre 
transfer function of the stream function (x, y), so that 


OL OL 
ai a ie Pop. = xX .-.(3.10) 


and the two functions t (x, y), LZ (u, v) are related by 
L (u,v) = vx — uy + v (x, 9). ...(3.11) 


Introducing L (u, v) into the system eqns. (3.3) to (3.8) with J given by (3.2), it 
follows that the eqns. (3.3) is identically satisfied and this system may be replaced by, 


OL ol 
if o(—=. 8) a (4, =) 





SAAT De pee, pk a 
ay) P v—2pwy + 7 (vcotac +u)j=J Frat) 
oe 8 4 
o 
7 2 a uk a( =n) 
Seen ie + Pu-+ 2Pou — Fe ee ae 
celal) 
. | ee aL 
[v? — u? — 2uv cot a — x (u? + y?) a cot «] Buz 


+ [2 (wu? — v*) cota — uv — u (u® + y?) 2 cok ea ne + y*) 














Ou 
é L 2 2 
zy cot a] Dy Op + [u®—- v?— wy cot «—y (u? + y?) 
0 gl, 
dy cot a] Ph beat ed ere Ee 
P a ee ie 
aa ae | alone) 
OL veotea + y OL v—ucotx 
=ki| cor ( Le 2 
é (u, v) ay d (u, v) / 


...(3.16) 
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| aL ( @L \27-2 
due dv? ~—s\_: bu dv ) | = mio) 


for the seven functions L (u, v), A (u,v), (u, v), 7 (u,v), © (u,v), « (u,v) and J(u, »v). 
We now define 


and 





OL Brow aL aL 
a Gara ase Aare 
ov 6 ev he ou" tar) 








Q, (u, ¥) pe ee ee oY 
BY) ACA) aac ...(3.18) 
(a+, &) a( > ; poets ce | 
Q,(u,) = RaasOn Lara kgs Ci <p. Oue as 7 OW 3,19) 
3 (u, ¥) 3 (u, ¥) sae 
and integrability condition yields 
eh  — &h 
oan oe e re (3720) 


to eliminate h (u, v) from equations (3.12) and (3.13). 


4. VorTEX FLow 
An appropriate choice, resembles the simplest solution of eqn. (3.14) as, 
L (u, v) = M, q? + Mz, Mi = 0 
a (u,v) = cot? (Ms q? + M,), Ms 0 (4.1) 
where M’s are arbitrary constants. 
This constraint together with eqn. (3.10) ensure that 


— = 2M, 7, ye - oL = — 2Mu .. (4.2) 


ee Gu 


and therefore the velocity field is given by, 


aS a 

u= OM,’ os PACER 
This relation represent a circulatory flow. And the velocity of the fluid vary directly 
to its radial distance from the central axis. The variable angle between the velocity 


and magnetic fields in the physical plane, is obtained by using (4.3) in (4.1) 





a(x,y) = cot | Mi re+M, | with xt fy =r’. ...(4.4) 
4M* 


Using (4.3) and (4.4) in eqns. (3.7) and (3.8) we have 
1 . kM3 


— 


=a packidd (4.5 
5 eee M, (4.5) 
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And therefore, the magnetic field by using (4.3) and (4.4) in (4.1) we have 





y 2M, (x + Mi y) Ms | 
Him — 8 [eee 9) 

— ~| —2 Ux >») Myx. 4.6 
Ala eta Boe oa (4.6) 


Thus the magnetic field H is determined, apart from an arbitrary constant factor and 
it is to be noted that H becomes infinite at the stagnation point of the flow’. The 
magnetic field strength decays continuously as the radial distance from the central axis 
varies. Using (4.5), (2.9), (2.10), and integrability condition for h, we have, 


dw Ow 


ay —sy, ax. == (), ...(4.7) 





Equation (4.7) is the differential equation of circle whoes radius is always less than 
unity. The most general solution of (4.7) is, 


o = y* Fo | - 15 S. -=.]- Si (=I), LG Ch Wea 


n=0 ...(4.8) 


where ,F, is Gauss’ Hypergeometric freee Taking the most particular solution 
when n = | we have 








© = c(x? + y’?) = cr? c 40, --.(4.9) 
Finally employing (4.3), (4.4), (4.5), (4.6) and (4.9) in eqns. (3.13) and (3.14) gives 
p=h—4$P¢* 
M; pk? 
p(x, y) = p r?> + 2Ms pk? tan7 (2-)- ——— , 
8M? 4 4M? 
1 
— Ms M, pk? net — 2 
3 M, pk? nr? — 2M, + 2 ...(4.10) 


where D is an arbitrary constant. 


The equation represents that the pressure at any point varies as the radial distance from 
the central axis. 
5. RapIAL Flow 
Another simple solution of eqns. (3.14), 


Luv) = MN, tant - + yy, 


sa(aet) 
a (u, v) = cot-! Ns q?. ! 
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From eqn. (3.1) 
oL OL 


x= v= - = 


ov - Cnr 





This equation express again as more conveniently. 
u (x, y) = Nix/r*, v (x, y) = N, ylr’. ay (5.2) 


This represents purely radial flow, and velocity profile is thus the arc of a rectangular 
hyperbola. From eqns. (2.7), H is given by, 





k Ni Nsx —yr° 
Hy, EA y) = Ni. | r? i: | 
k N; Nsy+ xr? | 
ga 2: ¥ ———_— be (5.3) 
Now integrability condition for / yields 
Ow dw 
y ee Po a 0. ..-(5.4) 
The most general solution of (5.4) is 
Sn Mn ¥ 
y Hy AT) ed bole Tab 
om oF [a, b, ¢; x ] oy S a em eee x0 A ESD, 
n-0 
where 
ab Z a(a — 1)b(b + 1) Z* 
Fila,b,ZJ= 1+ — yt mT Care | ere 
Sea a Sees SO 


is Gauss hypergeometric function, a, b,c are const. (c # 0). Taking most particular 
solution forn = | 


w = D, yx, x # 0 ...(5.6) 
D, is an arbitrary non-zero constant. 
Then 
2 
phe y os se 
p(x, y)= egg N, tan~’ y= | ~ ope D,k In , + Ds 
1 


tats 
D, is an arbitrary const. 
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Summing up: A variably inclined plane rotating MHD flow problem with the 
family of stream lines and magnetic lines given by »/x = const. 


(x* + y*) — 2Ny Na tan” (y/x) = const. having variable angle « (x,y) = cot"! 
(N3 Nz /r?) between them. 
6. Hyperosiic FLow 
In this case we take 
L (u, v) = Au? + By? ...(6.1) 
where 4 and B are two non zero unequal real number using (6.1) in (3.6) the partial 


differential eqn. in (u, v) is given by 


a] 
By (u? + vy?) — cota — Au (u? + y*) By cota + (2Auv — 2Buv) 


+ (B — A)(v — uv?) = 0, med: 
The general solution of (6.2) is 


(A — B) uv 


cots = ———_____ 
Au*® + By? 


+ B(u’ + v*) F (Au? + By?) BE (oo 4) 


where F (Au?, By?) is an arbitrary function of its argument. Using expression L (u, v), 
a (u, v) from (6.1)-(6.3) in eqns. (3.15)-(3.19) we have, 


mes ev iE 
Be Di 4AB°* San 


l 


ECP eat fcc 


<i ) F (Au* + bv*) + kB (ut + v*) FY (Au? + Ay?) 
k (B — A) uw 
Caer Rai BY) ...(6.4) 
Qi (u,v) = Q, (u, v) = 0. 
We now use (6.1), (6.3) and (6.4) in (3.14) and obtain the equation that A, B and F 


(Au? + By?) must Satisfy so that assumed L (u, v) is the Legendre transform and de- 
rived « (u, v) is the transformed variable angle. This equation is 


2AB (u? + y2) F” 4. 2p (B— A)wF F" + [Ae eB) 


2AB (u*® — y?) 7 _, Au® — By? 
bay ag | ta 8) oo F 
2A(A — B) uv =, 
(Au? + By)s ~— -+6(6.5) 
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where F’, F” are the first and second derivati i 
* rivatives of F with respect to its argum 
of the solution of (6.5) is : eee 


F (Au* + By?) = E (Au? + Bv?)™ ...(6.6) 
where E, m are two arbitrary real numbers. Substituting in (6.5) we get 
2E? MB(B — A) uv (Au? + By??)?"-1 4+ [2EM? AB (u? + v*) 
+ 2 EB(B — A) v?] (Au? + By?)™-? + E(AM + BM 
+ A — B)(Au? + By)" + 24 (A — B)uv (Au? + By)? 
= 0. .-.(6.7) 


Since this equation is identically satisfied if and only if m = — land E? = — A/Bif 
follows that 


(i) one of the two unequal numbers 4, B is to be positive and other is negative 


(ii) F (Au? + By?) = + E* (Aw? + By2)-1 are only solution of (6.5), taking 
E > Oand 


4 = 0: B= — b> 0; a,b Ee R 


we have 





Gh BS RE poe srg bpd = 
Lay) =a" u b? v7, (u,v)= cot ae a ] ... (6.8) 


following the previous flow, we find that 


u(x, y) = — yl2a?, v (x, y) = — x/26° ...(6.9) 
BRODY ps fs yy we 
Hi.) = byt ox?n (x y= Baie ...(6,10) 


Another rotating variably inclined flow problem when c 0 and 
A= a: B=—b'<0; 4bER Eosht) 


corresponds to the solution set 


L (u,v) = a u*® — b? .y* 7146.12) 
Te 
a (u,v) = cot” 7 by 


of eqns. (3.13) —(3.15) using the solution set we find the stream linssa x - by = 
const. and magnetic lines ax — by = const. from rotating variably inclined flow pro- 


blem with 


a’ x + by 
a (x, y) = cot By = a) ...(6.13) 
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solution of this problem is 


x 
u (x, y) = =r v (x; y) a “Ob? ...(6.14) 
2kab* . PD ORZROEG 
H, (x,y) = “ax — by » H, (x, y) ~ ax — by 
and integrability condition for h yields 
wo = D, yx, Dis 0. meet (Pi Bs) | 


7. APPLICATIONS 


In general, exact solutions in magnetohydrodynamics are rare. In this paper 
Legendre approach is employed to obtain exact solutions for steady, variably inclined 
plane rotating MHD flow problems. Equations (2.9) and (2.10) are in countered in 
meteorological problems in which wu, and wv represent the components of acceleration 
produced by Coriolis force owing the rotation of the earth. First time we obtain the 
general value of Coriolis parameter for radial, vortex and hyperbolic flows. Bloomer 
et al.® have studied the problems of designing a channel in which there in uniform flow 
at the mouth, and such that pressure gradient falls continuously. Ifin practice we, 
construct the boundaries from suitable conducting material and provided that the fluid 
itself is suitable chosen then the MHD channel flows produced will indeed be such that 
the velocity and magnetic field are orthogonal everywhere at least to a fair degree of 
approximation. Power and Walker* have shown that invariably inclined MHD flows 
with orthogonal velocity and magnetic fields, magnetic intensity can be determined for 
any small value of k*. The length of the channel in which the flow exists depends on 
the magnitude of k’, and for k* = 0 we find the channel flow of a gas with zero ma- 
ganetic field. 


The effect of rotation are to produced a cross channel drift of fluid which causes 
the flow in the test section to be inclined to the channel exis by a small angle®’’, where 
tan 8 = (2L)~* (v/&)'° where Z is the length of channel. 
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We make an initial value investigation of an unsteady combined free and 
forced convection flows in porous rotating channel. Both the porous walls 
execute non-torsional oscillations in their own plane and in addition they are 
maintained at a constant temperature gradient. The solutions for the velo- 
city, temperature ditributions and the shear stresses are obtained in closed 
form by using Laplace transform technique. The structure of the associated 
boundary layers are discussed for small (# < 1), intermediate (# = O (1)) and 
high frequency (w > 1) of oscillations. 


1. INTRODUCTION 


The study of hydromagnetic viscous rotating conducting flows has drawn the 
attention of many researchers due to its applications in cosmical and geophysical fluid 
dynamics. In investigating the interplay of the Coriolis force, magnetic force and 
viscous forces, Nanda and Mohanty® have considered the hydromagnetic flow 
in a rotating channel formed by two infinite horizontal plates under the action of 
a constant pressure gradient. Assuming the flow to be steady, fully developed they 
have shown that when the applied magnetic field and rotation are weak, the effect of 
the magnetic field on the flow in the direction normal to the pressure gradient is 
unaffected by rotation. Also for a strong magnetic field they observed modified 
Ekman layers near the boundaries whose thickness is inversely proportional to the 
magnetic field and the shear stresses at the plates always decrease with increase in the 
magnetic parameter. Mohan® has studied the free convection effects for a similar 
configuration. It is found that when the Grashoff number G is large, the fluid in the 
vicinity of the two plates move in the opposite directions and the flow separation takes 
place only at the lower plate. 


In the above mentioned problems the forced flow in the rotating channel is 
generated due to a constant pressure gradient and the interaction of the magnetic field 
with or without the effects of free convection current on this forced flow, is investigated. 
The channel flow problems where in the forced flow is generated by the torsional or 
non-torsional oscillations of one or both boundaries is of some interest in recent times 
since these problems enable us to find the growth and development of boundary layers 
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associated with the hydromagnetic flows occurring in Geophysical phenomena. Claire 
Jacobs! has studied the transient effects in a viscous rotating fluid by considering the 
small amplitude torsional oscillations of disks. This problem has been extended to 
hydromagnetics by Murthy’. Debnath? has discussed an unsteady hydrodynamic and 
hydromagnetic boundary layer flow in rotating viscous fluid due to oscillations of the 
boundary including the effects of uniform pressure gradient and uniform suction. 


Taking Hall current effects into consideration Rao et al.° have studied the free con- 
vection in rotating channel. 


In this paper we make an initial value investigation of an unsteady combined free 
and forced convection flow in a rotating channel bounded by two porous, insulated 
walls. Both the porous walls execute non-torsional oscillations in their own plane and 
in addition they are maintained at a constant temperature gradient in some arbitrary 
direction parallel to the plane of the walls. The solutions for the velocity, temperature 
distributions and the shear stresses are obtained in closed form by using Laplace 
transform technique. The structure of the associated boundary layers are discussed 
for small (o < 1), intermediate (» = O(1)) and for high frequency (» > 1) of osci- 
llations. 


2. FORMULATION AND SOLUTION 


We consider the unsteady flow of an incompressible viscous, electrically conduct- 
ing fluid bounded by parallel, non-conducting porous walls under a uniform transverse 
magnetic field Ho. In the equilibrium state both the walls and the fluid rotate with 
the same angular velocity and are maintained at constant temperature. At? > 0, the 
fluid is driven by a constant pressure gradient in an arbitrary direction parallel to the 
walls and in addition the disks are executing harmonic oscillations with different 
frequencies. The walls are cooled or heated by a constant temperature gradient ina 
direction parallel to the plane of the walls. We choose a cartesian coordinate system 
Otis. z’) such that the disks are at z’ = —L and z’ = Land the z-axis consider- 
ing with the axis of rotation of the walls. Taking the Hall currents into account the 
unsteady hydromagnetic boundary layer equations of motion with respect to a rotating 
frame moving with angular velocity 2, in the absence of any input electric field, in the 


component form are 


ui + Wou, — 20 Se ee >? + vu. ie cee, yoteen) 

vi, + Mov, + 2Qu' = — , pice ds he He te ap ew! 

es or AE 1). (2.3) 
Magnetic Induction equations are 

Je + m Jy = (5 pe Ho) ¥’ ...(2.4) 


Jy —m ds —— 2 ie (so He H,) u’ felaias 
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and the energy equation is 
a) é 0 é O° 
— $ ——aed — )/ — d -— = —_ a et 6 
(5 +u ax" +W be! +) =) (T T ghee. 5578 C7; T;) (2.6) 


where uw’, v’ are the velocity components along x’ and y’ directions respectvely, p’ the 
pressure including the centrifugal force, P the density, we the magnetic permeability, 
co the electrical conductivity of the fluid, « the thermal diffusivity, Jx and Jy are the 
components of the current density and mthe Hall parameter. In writing equations 
(2.4) and (2.5) the ion slip, the electron pressure gradient and the thermo-electric effects 
are neglected 


Combining eqns. (2.1)—(2.5) we obtain 


Fi +W, Fi,+ 2Qr' =— 1 (P,, Fab Baek AS 
op. Hi 
where 
F’ =(u' + iy’). 
Integrating (2.3) we get 
p'|P = — gz’ + BG J (T’— Ty) dz’ + $ (&', &) H(t’) .-(2.8) 


where 


Ei = x’ — iy’, Bh = x’ 4 iy’ H(t’) 
is the Heaviside function. 


Using (2.3), eqn. (2.7) can be written as 


@ 
ie. ‘ - ‘ / ‘ ) 
ag Fn + 2 F+W FL.) =» Fi, — 2 pg (T’ — T) ag (T’ — Ty) 


o pe H: 


ee F’ = F (2’, t'), equation (2.9) is valid if the temperature distribution is of the 
orm 


(I" — T) = (a, x’ + By’) H(t’) + OF ar) ...(2.10) 


where a, and 8, are the gradients of the temerature along O (x’, y’) directions 
respectively and 9‘ (z’, t’) is an arbitrary function of z’ and t’. We take 


Tot a,x'+ By +61, and T) + a1 x’ + By y’ + 6 
1 os 
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to be the temperatures of the lower and upper disks respectively for t > 0. 


From (2.7), (2.8) and (2.10) we obtain 


op. H; 
RoW, Fy + 20 Fo v F: 


alee FG eT) Bg Az’ H(t’) — D 


weles bl) 
where 


o — 
D=% ¢( 6), A = % + ifr. 


Introducing the dimensionless variables (z, F, t, , 6) as 


z=2'/L,F=F'Ly,t=t (v/L?), © = 0 (L*]y), 
= Pg li (6, — Oy, Jv" 


the governing equations (2.6) and (2.11) reduce to 


F, + Ry Fe — Fre + (M2[(l — im) + 2i E>] F + GzH(t) = R ...(2.12) 


P (0: + Ry 6z) Gee ZP (G,u + Gi v) H (t) tz ba 
where 
Ry = Wolly (Cross flow Reynolds number) 
G pe Hy 2 
M = Near ee (Hartmann number) 
= We Te (Hall parameter) 
P =—alv (Prandtl number) 


G, = Bg % L*}/v* | 
(Grashoft numbers) 





9 
\ 


Bg By L lv? 
R = (-L‘v"’)D 
G = G; + i Gj. 


The boundary conditions in the non-dimensional form are 


re fen Soo (io, t) onz= +1 ...(2.14) 
Ar b exp (iw, t) onz=-—1 
onz=+! 


< 


Pay eal, 
Be LA Ow, )/ 


2 == @) (say) on z = —! 
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and the initial] conditions are 
F(z, t)=0 
fort < 0. 
@(z, tr) e==-0, 


By taking Laplace transforms, the governing equations (2.12) and (2.13) reduce to 


Fa Ry FASE ee (aE wae(2.16) 


632 = P (Ry 6: + 56) mn? P (G, u-+ Giv) ...(2.17) 


where 


= 5 E+ 2+ (M2 El(l — im) 


and the boundary conditions are 


Fifa gli dU ec ered (2.18) 
' ibs — iv.) onz= —] 

6(z,5) = {: Orne 20, (249) 
69/5 onz= —- 1. 


The solution of (2.16) subject to (2.18) is 
F (z, s) = exp (R, z/2)[A cosh (pz) + B sinh (pz)] 


(R = Gz) GRo E* 
“s Ser eT 





...(2.20) 


where 


P= V(Rol2)? + A7/E 
24 cosh (p) = (i(s-t0 y) EXP — (Roya + (45-10 )) EXP (Rols) 





2GE . 
— g\2 sinh = (Ross) — cosh (Roj2) = Ro BG + RM) 


2B sinh (p) = (41(s-10 9) EXP ~ (Roz) — (bi¢s- 142 ») EXP (Roja) 


+ 





E 2E(R 2 
cosh (Ros) + == RoE G+ RM) (2.21) 


SA2 


The function F has simple poles ats = 0, iw, 12, —Sm, — Sao and a double poles 
at's = A, 
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where 


s, = 0.25 [4 Mii) + Ri + 4n?x + 8 iE-] 


s 


Sno = 0.25 [4M3.,_ pny + Rh (e+ 1) + 8 ie~). 
Using the caculus of residues, inversion of F (z, s) is given by 
BGtih=.0, : et cosh (A,z) , sinh (A,z) 
(1) 5 aexp (iw, t + R(z — 1)/2) (eo a rape 
+ 0.5 b exp (iw2 t + Ro (z + 1)/2) 


[oe (432) sinh (Az) 


, cosh A3 rn ae] ba tia (Roz/?) 


: | cosh (A4z) , sinh (42) ¥ (R—Gz)E 
* cosh”, * sinh Aq A, 


2 
+ 2 - + o(exp (— Sn 1) + 8 (exp (— At) «..(2.22) 





where 


Az = 21 + M*E|(1 — im) 


3 MEE mM? 
2 0 . Se | 
a= + toa) + ie: +28 Pom) 


4 
Ro M? by mM* ) 
4 Mg) tion + 28 Eres 





Re M* : ° mM? 
ap = (Be a) + (E+ ee) 


a; =(G Rp E® cosh (Rol) + 1 E (R cosh (Roj2) + G sinh (Roa) JAi 
a, = [Go Ry E* sinh (Roj2) + a1 E (G cosh (Rojs) + sinh (Roj2)] Ai. 
The non-dimensional shear stress *x and ty at the wall are given by 
(tx + ity)z--1 = 0.5 aA, exp (iat — Ry) (1/as — 45) 
+ 0.5 b exp (i@2 t) (Ro — As U/a5 + ag)) 
— ay exp (—Rolz) (Rola — 44 4) 
+ a, exp (—Rojz) (Rore + Aglar) — GEA, 


and 
(t. + ity)z1 = 0.5 aexp (i, t) (Ro + Ay (45 te 1/as)) 
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+ 0.5 5A; exp (im, t + Ro) (ag — 1/a,) 
— a3 exp (Rojo (Rosa) + Ag ay) 
+ ag exp (Roe (Roja) + Aafaz) — GE/Ar 
where 
a; = tanh (A,), a, = tanh (Az), a7 = tanh (Aa) 


substituting F in transformed energy equation (2.17) and using invese Laplace trans- 
form, we obtain the Temperature distribution 9. 


3. DisCUSION OF THE ASSOCIATED BOUNDARY LAYERS 
We shall discuss the interplay between the Hall parameter m, the Hartmann 
number M and the Ekman number E in determining the time required for the decay 
of the transient terms in the solution. 


From (2.22), it follows that the transient velocity decays in dimensional time of 
order I/(7 + Ro/4 + M2/(1 + m?)) which implies that the decay time of the transient 
velocity is less than the decay time in the absence of any magnetic field. Also, the 
decay time increases with increasing m and decreases with Ry 


After the decay of transient terms in (2.22) the steady oscillatory distribution is 
given by 


u + iv = a/2 exp (im, t + Ry (z — 1)/2) ew + Saab 
: 2 


bI2 in R cosh (A3z) | -sinh (A,z) 
Pehle xp lel EE Fm 1p2yf Sesh A3 = sinh A, 


+ exp (Roz/2 [\, GE + GR,E*) cosh (Ro/2) — RAE sinh (R,/2)] 


cosh (A,z) F : 
as ep + [(GRoE® + AGE) sinh (R,/2) 


(R=G2)E , GRE? 
ys Pie 
eRe 3u1) 


This consists of two parts : (i) The hyperbolic terms in z which gives rise to layers of 
thickness of order 


ss sinh (dss) 
+ (Ai RE) cosh (Rp/2)] x sinh Ay 


(ai + a3)? + a)? if o, < a, 
or 

(ai + bi)? + a}? if w, > w, 
or 


[ai + b3)'? + a)? if w, = 0, 
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where 


a, = Ro/4 + M*/(l + m®*) ; db, = 2E-1 + m M*/(1 + m’) 
a, = ©, + dD, : Ds =a + Dy 


near the disks through which the motion of the disks is communicated to fluid. Thus 
the Lorentz-Coriolis force balance gives rise to two types of layers described viz. 
Stokes-Ekman-Hartmann layer and an Ekmann layer respectively. 


Ui) The remaining terms represent an interior flow. We shall consider the 
following cases of the frequency of oscillations. 


(i) Low Frequency (w < 1) 
When m = | we get a boundary layer of thickness of order 
2 -1/2 2 
(“2 + mt) it (5 sa m*) rawr 


and 
2 
O (E") if ler al mt) 0 <2 E-, 


In this case the thickness of the boundary layer does not mainly depend on ™m. 


(ii) Intermediate Frequency (» ~ O (1)) 


Since » ~ O (1), |» + 2E7 + mM*(1 + m’)|~ O (1) then the thickness of 
boudary layer is the order 


RG M2? \1 . (Ro M? a 
ee ad it(¥° + Ah) plo + 2 +7 ae | 











and re aA 
M? : 
eet ye )it( FP + a) <<le 
mM? 
+ 2E° + praee oe, 


Further, the thickness reduces to 


; m M? 
|o + 2E7 | IPifo> T+ mi 
and to 
m = : mM* — 
| 2E + mr | Rife >a me 


(iii) High Frequency (® > 1) 
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When M ~ 0(1), m < | and for all £ the thikness of the boundary layer is 


2 


1/2 
[tae (sae) ot oes 4 wey) 


-1/2 





In particular, if # > M, E-! and R, the thickness is of order (»~1/?), However, 
if w S (2E-! + M7”) the thickness is of order 


oe ( R3/4 + a) 
2 ; 


It is to be noted that in any case for large » the thickness of the boundary layer 
increases with an increase in Hall parameter m for a fixed M while it decreases with 
an increase in M for a fixed m. 


4. DISCUSSION OF THE VELOCITY FigELD AND STRESS 


Rewritting the steady oscillatory velocity distribution (3.1) in exponential form 
and keeping in view the behaviour of each of the terms in it we find that an increase 
in Hall parameter m through values lower than 2, increases the magnitude of velocity 
components u and v for fixed values of G,M,« and Ro whereas for m > 2 their 
magnitudes decrease with an increase in m. Also their magnitudes increase with an 
| G | or Ry keeping the other parameters fixed. For G > 0, u may be found to attain 
its maximum near the lower wall while it attains its maximum near the upper wall for 
G <0. The magnitudes of wu and v for ®, > ©, are in general found to be larger 
than their corresponding magnitudes for 1 < Ws, 


The stress tx increases (decreases) at the upper (lower) wall the stress +, decreases 
at both the walls for an increase in m or Ro. Also the values of tx at the upper wall 


for ©, > «, is greater than its corresponding values for, < »,. At the lower wall 
a reversed effect is observed. 
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The fundamental equations of the general one dimensional problems of 
thermoelasticity and magneto-thermoelasticity have been written in the form 
of an inhomogeneous vector-matrix differential equation and solved in the 
Laplace transform domain by the eigen-function expansion method. It has 
been pointed out that a broad class of problems in mechanics can be solved 
by this approach. Applications to problems pertaining to an infinite medium 
due to instantaneous heat sources are presented and compared with existing 
literature. Finally, the solution for the space time domain has been made by 
numerical methods and the results are analysed. 


NOMENCLATURE 


The nomenclature is as follows : 





H = magnetic field 

B = magnetic induction vector 

j = current density vector 

E = electric field vector 

u = mechanical displacement vector 

H =H, +h, Ho = (A, 1; Hs),.h = les, hy, ha] 
H, = primary magnetic field 

h = perturbation of H 

Tiy = mechanical stress tensor 

C1; = strain tensor 

T = differential temperature distribution 
[He = magnetic permeability 

vH = ES , magnetic viscosity 


7pe 
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n = electrical conductivity 
c = velocity of light in vacuum 
4,» = Lame elastic constants 
p = density 
a = coefficient of linear thermal expansion 
To = reference temperature of the body when unstressed 
= specific heat at constant volume 
k, = wer thermal diffusivity 
PC, 
k = thermal conductivity 
Q = heat source 
F = body force component 
S(t) = Dirac delta function 
Cr - 74% = po 8 = GA+ 2a 
feos 6 aie aamers 
Ty PC,c? A+ 2p 
be ee 
aS ct vi 
ees 


INTRODUCTION 


In recent papers Bahar and Hetnarski!-3, have extended the state space approach 
developed hy Bahar in boundary value problems‘ and heat conduction® to problems 
of coupled thermoelasticity. Das et al.® applied the state space approach to magneto- 
thermoelasticity as a further extension of Bahar and Hetnarski’. Das et al.?-!°, also 
applied eigenvalue approach to the problems of thermoelasticity and magnetothermo- 
clasticity. But in all these papers the authors have neglected the body forces in the 
equations of motion, the heat sources in the equation of heat conduction etc. As a result 
the vector-matrix differential equation involved becomes homogeneous. Recently Das 
et tet have solved the problems of thermoelasticity and magneto-thermoelasticity by 
taking into account of the body forces and heat sources, and writing the equation in 
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an inhomogeneous vector-matrix differential equation. The solution has been made 
by state space approach. 


In this paper we have attempted to solve the problem"! by the eigenfunction ex- 
pansion method. Theory for the solution of an inhomogenous vector-matrix differen- 
tial equation has been presented and for its applications we have chosen two particular 
problems of elasticity coupled with (i) a thermal field and (ii) a thermomagnetic field. 


THEORY 


Consider the vector-matrix differential equation 


with the condition 
v(x) =c ate) 


where A is an” X nconstant real matrix, c is a given constant real n-vector and f is 
a real n-vector function. 


Let 
= X er* ...(3a) 


be a solution of the homogeneous equation 


dy 
=.(3D 
FES = Ay (3b) 


where A is a scalar and X is an “-vector independent of x. Substituting (3a) in (3b) we 
get 
(A X — AX) e4* = 0 > AX — AX = 0> AX = IX. 


This may be interpreted that 4 is an eigenvalue of the matrix A and X the correspond- 
ing right eigenvector. 


Let Aj, As, ---» Any be n distinct eigenvalues of the matrix A and X,, Xo, ..., X, be 
the corresponding right eigenvectors of the matrix A. Then the vectors Xi, Xz, ---» . 
are linearly independent and so they form a basis of the space I", where I’ denotes 


the field of complex numbers. We can find scalars bi, Dz, «+, On such that 
ene k a 0, Ai ove Tt Dn Xo. 

Choose 
Cy = by em i% (i = 1, 2s ooo n). 

Let 


u (x) = 2 Cr X; e i ...(4a) 
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Thus u (x) is a solution of the differential equation (3b) and 
u (X,) = > ce "0 Xi = 2 by X; = c¢. 
[haa | = 


Now, let 
w (x) = > a (x) Xi Pel ...(4b) 
i=] 


be a solution of the differential equation (1), where a; (x), a, (x), ..., 4, (x) are scalar 
functions of x such that a; (xo) = 0. 


Differentiating (4b) with respect to x, we get 


w’ (x) = Si a, (x) Xi en + Sy a; (x) Ai Xp eA;*. ae 


i=1 a1 


Substituting (4b) and (5) in (1), we have 


* n 


Sy a’ (x) X et” +- > ay (x) Ay Xie,” = > a (x) A X; e4;* + f(x) 


i=1 i=! 41 


or 


n 


SS a’, (x) X e* = SS a; (x) [AX; — A;Xi] eA;* + f(x) = f (x). 


i=l i=] 


el G) 


Multiplying (5) by Y, e-4,* [where Y,, Y., .. , Y, are left eigenvectors of A correspond- 
ing to the eigenvalues Aj, A», ..., A,] we get 


n 


Ss at (x) Y, Xi elAy-A Ja — Y; f (x) Seis 


i=] 
or 
‘ —A ow 
a(x) ¥;X; = Y,f(x)e 7,[.Y; Xi = 0 fori ¥ j] 


or 


‘ l 
a, (x)= Ys Y, f (x) e7A,* 
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or 
a, (x) = ir (Y, Xj) Y,f(s)e-A,¢ ds tT) 


[.°. aj (%») = 0 for j = 1, 2. ..., nm). 

Now take 

v (x) = u(x) + w(x). ...(7a) 
Differentiating we get 

v’ (x) = w’ (x) + w’ (x) 

= Au(x) + Aw(x) + f(x) 

A [u (x) + w(x)] + f (x) 
A v(x) + f (x) 


and 
Vv (Xo) = u(%o) + W (Xo) = ¢. 
Hence v (x) = u (x) + w(x) is the unique solution of the differential equation (1) 
satisfying the condition (2). 
APPLICATIONS 


We now proceed to apply the foregoing theory in the problems of thermoelastic 
and magnetothermoelastic interactions in an infinite medium. 


I. Thermoelastic interactions in an infinite solid with instantaneous heat source 


The coupled one dimensional equations of heat conduction and motion are given 


by 
o2 o2 eu 
(3 -— a) TH) ear 229 8) 
oH F JN BON Rie 
( Ox? © ort ) aaa ox i c+ 2) F (x, t). ..(9) 


The equations are written in the non-dimensional form, where the position x, the 
displacement u, the normal stress Txx, the time ¢ and the temperature T are related to 
their dimensional counterparts X;, “1, («,)xx, t, and T1 by the relations X = ¢ Xalhs; 

u = ¢,,/k,, txx = (A + 2u)-' (tise, 6 = c2 t,/k, and T = T,|T respectively. 


For the solution of eqns. (8) and (9), we shall use Laplace transforms defined by 


eo = (oe 
i= fj u exp (—Pt) dt, T = ip exe (—pt) dt. 
0 
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Taking Laplace transforms of equations (8) and (9) and writing the resulting equations 
in the matrix form we obtain 





( T(x, p) 1 RUS f T (x, p) 
| ap) | | 0001 Hf} eee) | 
| | | 
— F | 
d | Te) | | pO O bp) at Geo 
Flies ates oleae 
: ! tae | 
lw(p) | | O pa 0; | a (wp) | 
| 
| al I | : 
U j ( A Pg | J 
) 
/ | 
: ) 
| 
= 
| 0 (x, zs p | 
+ | Ci c? | 
| 
| 
ee k, F (= ky ) 
| c; (A+ 2p) Cc) - : ts : 
l “4 J ...(10) 


a Ou Pil ad : 
Where we have used the conditions that Oca and 7 are initially zero. The prime 


indicates differentiation with respect to x. 
Equation (10) can be written in contracted form as 


Xe Aydt f(x) (11) 


where v (x, p) denotes the state vector in the transformed domain whose components 
consists of transformed temperature, displacement as well as their gradients. 


We now consider an infinite medium which is unstressed and unstrained initially 
but has a uniform temperature distribution 7». It is then subjected to heat sources dis- 
tributed over a plane area. The problem is to determine the subsequent distribution of 
temperature, stress and deformations as well as the interaction between the temperature 
and deformation fields. 

kx : 
Let-x.= a 0 represent the plane area over which the heat sources 
. . 1 . . 
are situated and the solid medium occupies the whole space —« < x < + co, We 


assume that the heat source is instantaneous and acts on the plane r = 0. We may re- 
present it as 


o( as ot \eam (eal “is ) 


Wy Gy 2 
C C; 
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So that 





7 k, ky Cy k, x 
ts ie or = 5 publ Need 
Be te at Fe eae) A12) 


A / 
where q is the constant strength of the source and 6 ( a '< ) is the Dirac delta fun- 
q 1 


ction. The characteristic equation corresponding to the matrix Ain equation (11) is 
given by 


R¢o—p(pt+it+eoRr +p? =9 OEY 


where « = a, b, is the coupling parameter. Let the roots of the equation (13) be + Ri, 
+R, which are also the eigenvalues of the matrix A. Aset of right and left eigenve- 
ctors Xi, Yi (i = |, 2, 3, 4) corresponding to the eigenvalues R,, —Ri, R,, —R2of A 
can be calulated as 





feo rt | 
| —a R, | | a, Ri | 
X; is | 2 | , X>5 = | 2 | 
R, (p?— Ri) | — R, (p’ — Rj | 
| —Ri a, J L —Ri a J 
f pt-RE eR) 
xy | —a, Rs x ui az R, 
pee Sk) || 3 | —Rx(p* —R3) | 
| —Ri a J | —R2 4, J 
...(14a) 
R | 
“coed shee Ry (R - pt) dR |, | 
R ; 
n= [ Ri —p* —p? bi Ris — (x i p* \, by R, ’ t 
“ | _..(14b) 
aie piss yd pt b-R Rs R—p b, R? | 
Y3 <<" R, p Pp 1 29 p 2 Pp ’ 1 1 ’ : 
2 Re ( p2 2\ 4 R® | 
Y, =| — ps a Ee b, R, a Dp Ry xa eal a J 


For simplicity we assume that the body force F (x, t) = 9, and assuming other phy- 
sical conditions of the problem as in Das et al.” and Paria!”, we write from (4a), (4b), 
(7), (7a), (12), (14a) and (14b) 


fees ~R,* eet), 
vy (x) = a, (x) Xe & rie ap ix) a 
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where 








—-Rs 
a, (x) = YX. Y,f(aje ' ds, 
2 " xg7 
= l q c? d, R, (Ri ps) ; 
wae pe pki 
] as hE 
a, (x) = vee ¢ | Y, f (s) e-®2 ds 
4 
x =-00 


0 


1 qc d, R, (Ri — p?) : 
Fake pki 


= 
= 


Thus the displacement and the temperature fields can be written from (15) as 





2 9 Ye 2 2(R2 — pra 
; qcx d, Ri (Ri —p*) a, -®,x | qe? d, R3 (R?2 — pa, 
u(x, p) = =n ote 1 ¢ 7 “Gt ake cece 
m e-he*. x2 
e qcid; Ri (Ri — p*)? -R,x qe d, Rp (R? — p®)? 
A) ES a amme DEE he : Die V, 
=e 


aa Ae S| 
where 


~ R?2 Re 2\2 
V, — (RE = ot = ay RE (pt + Ri) — Say 


, ‘ R2 R2 + p’y , 
Vs Ps ( Rp) a Ribs (pt + RE) As st Py 
Using the characteristic equation 


(13), one can write the expressions for a(x, p) and 
T (x, p) ina simplified form 


. 


; 3 d —-Re 
ii (x, p) = TE (RE Rey [e = — e-8,*) x 30. ...(16) 
3 
T (x,p) = gei dy 


et —R,c __ ee 
TRERT RR | Re ( pt) em Ri (8 *) 


x seed ,x > 0, eT 


Equations (16) and (17) are in complete agreement with Das et al.” and these equations. 
when written in the dimensional fo 


rm, are also in complete agreement with Parija!? jn 
different notations, 
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IT Magnetothermoelastic interactions in an infinite Solid with instantaneous heat source 


In the absence of displacement current and charge density, Maxwell’s equations 
reduce to [Vide Paria'*] 





4m, 1 OB 
rot/H:=a>— j E=-—- - — 
; j, rot pyar ...(18) 
div B = 0, B = peH, 
while Ohm’s law is given by 
ny de 43 ou1 
j= [e+ ira oe B|, (19) 


where we have neglected the effect of temperature on current. 
The equation of heat conduction, neglecting the effect of current on temperature, 
is given by 


oT. au 
ky? an 1 eld et 
v77,+20=?C, at, + T,B ax cohe ...(20) 


Taking into account the Lorentz body force, the equation of motion becomes, 


a(t — 6 (*1)tk 
Ort 6 (xX1)k 





aye 
fea es BY eel (21) 


The stress-strain relations are given by 
(wary = 2p (ery — (Aer — PTD) 84j 
where 
(e:, = 3 { (ad — (ui)j,1 
e, = div (u,). 
[subscript “1” indicates the quantities involved are dimensional]. 


Assuming for simplicity pe ~ 1 (as is practically justified) the coupled one di- 
mensional equations of magnetothermoelasticity in the non-dimensional form were 
given by Das and Bhattacharya®, Paria’ as 





2 
(a Sy a ) hy zo (22) 
ox* ot 
0 a hz au 
aly ces! fo =e _)= —- ae 
( sa z -) (a) Q ax at (22) 


oe? a io ee au ky +t) 24 
Pea aa T= by ax ot d,q ( : x, c? ak ) 
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aha, By ye (in ee 
(4 - gr)uaa ox ox \ Hs ci (A + 24) 
x F( ud x, 2 r). .0e(25) 
Cy Cy 


Equation (22) gives hy = 0 since hy is zero initially. Now for the solutions of eqns. 
(23)-(25) for the variables u, T and hz we proceed as follows. 


We consider an infinite elastic solid without any initial stress or strain but having 
an uniform temperature distribution T, throughout. The body is embedded ina _ uni- 
form magnetic field of intensity H;. The problem is to determine the distribution of 
stress, strain, temperature electric and magnetic field in the body, if it is subjected to 
instantaneous heat sources distributed on a plane extending in all directions. With- 
out any loss of generality, the plane containing the heat sources can be taken paral- 
lel to the initial magnetic field of intensity H:, and y.-axisin the plane of the heat 
sources. The axis of x, is then perpendicular to this plane such that x;, Yi, Z; axis form 
a right handed system of cartesian co-ordinates. We take the heat source in the same 
form as in (12) end neglect the body forces. For simplicity, we assume that the 
medium is of infinite conductivity. 


Letting » > co i.e. vw > 0 ord + 9, appropriate equations from (23)-(25) re- 
duce, in Laplace transform domain, to 


he = — Hs = ...(26) 
d? = di -/k k 
( a p) IT =bp iz — d, at 2 a p ) aan) 


om Vie at Cheaake 


Ler a — ...(28) 


Fees 7 eae 


Using h: from (26) in (28), the resulting eqn. and the equation (27) can be written in 
the matrix form as 





{ T(x, p) | Eon 0 rs, oe f T (x, p) | 
| a (x, 7 
“Ad ose tee 0 6 ry | a(x, p) | 
Te ANS BE = | Dea 0 dp | | T (x, p) : 
bia mos | p? a bond | 
: Pp) | a ee 
7 
| 
| | 
ag k | 
Rae mae ae 
: 10( 2 M63 p | | 
{ 0 j ...(29) 
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which can be written in the contracted form as 


tt Ay ttey 0) 


The characteristic equation corresponding to the matrix A in (30) is given by 


p(p+1+e+)) », [ie ee 
RO ang Wag eT Re? + Ceah = 0, 34) 





Let -- R,, = R, be roots of the equation (31), then R,, —Ri, R, and —R, are the 
eigenvalues of A. 


A set of right and left eigenvectors X;, Y: (i = 1, 2, 3, 4) corresponding to the 
eigenvalues Rj, —R,, R,, —R, of A can be calculated as 





























f z p* 7} ( _ R p? } 
boo note os aay : | haley ama | 
| ~ —a,Ri | Bo : 
1+ 6 | | 1 *-}- | 
xX, = | ; soaring y | 
| 2 P & (- 2 
Pa(-mtres) |) ce (ce 
| a, Ri | | —a, R} 
t 1+ 5 J [ 1+ 5 J 
: 7 
| i RR | aia es | 
| Ret th | 2 rb | 
—a, Rz | | a, Ro | 
| 1+ b | | 1+ 56 | 
2 Pg | p? (he p? )| 
9 - a = Rp? are 
| R,(—R: + tr) | Re ( »T 4b : 
eg isk ete es os 
1+.) J L 
: (32a) 
R p? bypPRi Bs ( R; p* ) bi Ri ; i 
Y, = 1 tt esau b 22 ap 1 1+ 6 | 
: 2 —b prRi Bi ( Ry ies aaa ‘ b,R? | \ 
Se ciere Pg Py SS ee ee 
p? b pt Rs Ref pr _ ,b Rr: | 
He =| 455+ +o arte pete) ~* | 
p? =, p* R al 2 Pi ) bak e 
n- [RB - Eo ema tioe Nt  tes* * 4 
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Assuming the physical conditions to be the same asin Paria’® and Das et al.” of the 
problem, we write from (4a), (4b), (7), (7a), (12), (32a) and (32b); 








Mi (x) = a, (x) X, e7Fi* + a (x) X, e-*;* Aah EY) 
where 
ae (x) = al Y, f (s) e-R\s ds, xj> 0 
2 peer 
3 2 p° 
A teres 
relays pki 
z 
a, (x) 7 | Lg Wn (s)e 2 
4 Sa 
2 p 
che! (CR 1+ >0 
» at ee 
YX pki 
and 
=—( R se Ri) _ ab Ri (2 _ 4 R? 
Gira tthe reer ae ne 1+6 ize 7™ } 


Yaexy 











oe ) R3 — ab Re ( Foee R? ) 
-(2 Fo) (1+ =) [ Heiko eer 
As in the previous application we now use the characteristic equation (31) and write 
the displacement and temperature fields from (33) ina simplified form as follows : 


qe} da 


5 Rx Rie 
i (x, p) = 2k? (R? — RF) (4b) (e 2? —e '),x>0 ---(34) 





7 SO SACI Gt ae = ie ns 
TP) = aR RCRD [ (8 = en 


aa Yah cok as 
R(R- 7 Je } x > 0. (35) 
The perturbation of the magnetic field can now be determined from (26) as 


hz (x, p) = — Hs q c} d, a, -R x ~R, 2) 


oS i 
2(1 + Db) k3 (R? -- R3) [Rie Rie)? ae 


...(36) 


[t may be noticed that in the absence of the magnetic field i.e. when b = 0, eqns. 


(34) and (35) are identical with (16) and (17). 
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jql2 
te cate ne the same problem by the method of Laplace-Fourier transforms 
out the expression for hz (x, p) in eqn. (10 36a) in the Laplace transform 


domain, but this ex ion i ; 

’ pression is not in agreement with our ex i . 

; : : ression (36 = 
take in his calculation in eqn. (10.15d). P ( due te amis 


4. NUMERICAL INVERSION AND ANALYSIS OF THB RESULTS 


es ee inversion in the space time domain of the displacement and tem- 
ae re elds of the problem in application I i. e. the inversions of eqns. (16) and (17) 
ve been made by Paria’? for small time. Paria'* and Das et al'!. presented the dis- 


tribution of stress and induced m 
ot ar agnetic field for small time of the problem in appli- 


Xe how propose to invert numerically the temperature fields for both the pro- 
blems in applications I and II by Bellman method for any time interval. Although we 
have made a particular choice of the time interval and compared the magnetic effect 
upon the temperature distribution in the two problems, the comparison can be made 
for any time interval by the shifting theorem of Laplace transform, vide Bellman". 


In order to compare the interactions of the magnetic field with the thermoelastic 
field is the deformation and temperature; we now propose the medium to be copper, 
and thus « = 0.003722 in MKS units, and take x = |, and invert eqns. (16), (17), (34) 
and (35) for a specific time range and for two different values of the intensity of the 
magnetic field as shown in the table. Finally, the inversion for the perturbation of the 
magnetic field, 4. in eqn. (36), has been made for the same two values of the intensities 
for comparison. The computations have been made in Burroughs 6700 of the Regional 
Computer Centre, Jadavpur University, Calcutta. 


It is clear from Table I that the displacement, temperature and the perturbation 
of the original magnetic field have the small oscillatory character about the time axis 
and they all decrease with the intensity of the magnetic field, as expected, It is also 
clear that the effect of the magnetic field is not much pronounced on the temperature 
field in comparison to the displacement field and the perturbation of the original mag- 
netic field. 


CONCLUDING REMARKS 


It is clear from foregoing analysis that the present approach can be very easily 
applied to a broad class of boundary value problems is mechanics and otber fields 
where solution of simultaneous, coupled, differential equations is required. The state 
space methodology of Bahar and Hetnarski' for homogencous equations and of Das 
et al.) for non-homogenceous equations converts the boundary value problem to an in- 
itial value problem before its solution. Thus the final solution requires very extensive 
use of algebra for the determination of these initial values through boundary condition 
by using the matrix equations of the influnce functions. In the present approach, the 


original structure of the problem is retained’®. 
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We hope to communicate, in future, the theory and application for the case when 
the eigenvalues of the matrix A in (1) are repeated. 
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When the direction of a uniform magnetic field is different from that of 
wave propagation, the surface wave of the SH type can also be propagated 
ina self reinforced, anisotropic elastic half space without dispersion, as in 
isotropic case. Reinforcement happens only to increase the decay rate of the 
waves. 


1. INTRODUCTION 


Idea, here, is to examine whether it is possible to propagate the uncoupled surface 
waves of SH type without showing dispersion’ in a perfectly conducting anisotropic 
elastic half space, endowed with self reinforcement” in the presence of a uniform 
magnetic field or not. We find, as in elastic case*, that when the plane of the 
magnetic field and the direction of wave propagation is normal to free surface, it is 
possible provided the electromagnetic radiation into the adjacent free space is not 
neglected. The role of reinforcement is merely to increase the decay rate of the waves. 


2. Basic EQUATIONS 
(i) Stress-strain law governing self reinforced elastic medium’ whose preferred 
direction is that of a unit vector a is given by 
tiy = V eke ij + 2ur ery + % (ak Am km 817 + Ckk aj a;) 
+ 2 (ue — pr) (ai ax ey + ay Ae ens) + B’ Ay Am Ckmai aj. «».(2.1) 


In (2.1), A, PTs PLB and « are all elastic constants with the dimensions of stress. fj; 1s 
¢ > ’ > > 

stress tensor 1; is the strain tensor. 4 are the components of a, the unit vector de- 

noting the preferred direction. All suffixes take values from | to 3 and repeated suf- 

fix means summation. We are taking the physical components of the respective ten- 

sors. 51, is the kronecker delta. 


(ii) The electromagnetic field equations for free space are 


ioe 
vi- Cc 2 





F 
= 0, Cullh= 6-5 (2.2) 


1 #e ap apm L, .a(2.3) 
vyie— er a test Adis Mo 3° ( 
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In (2.2) to (2.3) e and h are perturbations in the electric and magnetic field vectors 
within the medium, given by 


ge eet ( x H) ee Curl(u x H ) (2.4) 





where u is the displacement vector, His the primary magnetic field and pe is the mag: 
netic permeability. In (2.2) and (2.3),, C = (€) »o)-!/ denotes the velocity of light, 
€) and py being the electric and magnetic parmeabilities of the free space. 


(iii) The equation of motion is 


a? uj 


ee ...(2.5) 


lijyj + (J x B)j =p 


In (2.5), u; are the components of displacement u. J and B are current density and 
magnetic induction vectors respectively. We have 


B=wHJ=c[E+ 3 xB]. ...(2.6) 


(iv) Boundary conditions to be satisfied at the free boundaries of separation are 


[[e+-# xe] -0[[s] =o 2D 


(ti; + M:;) j= Mi; Vis (ze) 


where Mi; and M;, are the Maxwell stress tensors for the material and for the free 
Space respectively, v, is the unit normal vector at a point of the boundary. A double 
bracket with a suffix ¢ and n in (2.7) means difference between the tangential and the 
normal components. 
3. SURFACE Waves of SH Type 

We consider the propagation of harmonic waves in a self-reinforced anisotropic elastic 
medium occupying the semi-infinite space Z > O(the plane Z = 0 which separates 
the medium from the free space, is free of mechanical tractions) in the presence of a 


uniform magnetic field. We take the displacement and magnetic field components in 
the form 


u=0, vy = Aexp (pz + ik (x — Vt)), »o = 0 tel che 
Hx = Hcos ¢, Hy =.0, H, = Hsin ¢, RS) 


¢ being the angle at which the wave crosses the magnetic field. The components of 
reinforcement director are 


a = (a, 0, as), vault aes 


For free space, the elastic and magnetic field perturbations are 


e = (2, 0, &) evztsk(a-Vt) 


.-.(3.4) 
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- h = (0, ho, 0) e% + ik (x — Vt) E Aor 
the constants 2 and h being connected by 

Se aa Mec ae Ly 

é1 kV hy, A eacak BS eV hy. oe (3.6) 
In (3.4) to (3.6), q being given by 

ae ke (1 Me cr } G2) 


is to be taken with proper sign so that electromagnetic radiation into free space does 
not vanish for Z > — °°. 


4. SOLUTION 
The equations determining v and hy, are 
ne — 1 -y ‘ 
9 “ : = Vv. wee oF 
p> pe +k (Vv? — B*) pe rs (i) ae 


Equation in p becomes 
9 ‘ 1 9 ° . 
G +, sin? ¢ + (ve — pT) +a} | p> +ikp & sin 2¢ 
4 2a, as ae | 4+ ke [v2 — Bp? — Vi, cos ¢ 


By (eH | =0 (4.2) 


——_ 


where 8 = Vp7/P is the velocity of plane shear waves andVa = Vpr/P H is the 
Alfven velocity. Out of the two roots of (4.2), we choose one with a negative real 
part as for surface waves, displacement decays with increasing depth. 


Equation (2.7) gives 
é, = ik V pe Hsin¢ v, Z = 9. (4.2) 


The condition that the surface Z = 0 is free from mechanical tractions reduces to 


ol 8° + Vi sin? d + re eT gs + ik | AV sin 26+ MPa, | 


p. A? 
V? k* sin? ¢ Agora t hs 
+ Vi ot ee = 0, Va: a. ...(4.4) 


Elimination of p between (4.2) and (4.4) gives us 


V* sintdé 
A Q oe 
ys| 1 oe ee Cy ] a 2 [v7 4 ys | + C2 a a = 0 ..(4.5) 
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where 


O=6(B + VE) + (ae — undlP) { Bt + V4 (a, sin d—as 608 4)*} 


...(4.6) 
I= V4 sin? ¢ + 8? + {(ur — pr)/p} aj . ..(4.7) 
To first approximation in 1/C, the roots of (4.5) are 
v* sin’ V* sint ¢ 
A O A 
vi-ct (1-2), vi=F(1-0 72), .-.(4.8) 


5. DISCUSSION OF THE RESULTS 


(i) For V;, ¢ becomes imaginary and p has zero real part asis clear from equation 
(4.4). Hence this value is not suitable. The second value V, satisfies all the conditions. 
Thus purely transverse surfaces waves can be pro pagated, without any dispersion, in 
a conducting elastic but anisotropic half space, provided there exists an external mag- 
netic field non alligned to the direction of wave propagation. Waves propagate with 
velocity V, given by (4.8). Penetration depth is given by 


\4 = {qC? ae sin? @ + B? + (pu, — pr )/Pa; } Va, V? k* sin? ¢. 


(ii) The reinforcement increases the Strength of the transverse surface waves 


which decay out more quickly. Energy of the wave gets dissipated within a shorter 
longitudinal span. 


For infinite thickness and conductivity of the plate, the velocity of the wave obtained 
in Verma‘ becomes the same as the one derived from the present solution on the 
assumption of infinite conductivity. 


REFERENCES 


Lord Rayleigh, Proc. Lond. Math. Soc. 17 (1885). 

A. J.M. Spencer, T. G. Rogers, and A. J. Belfield, J. Mech Phys. Solids, 31 (1983), 25-54. 
C. M. Purushotma, Proc. Camb. Phil. Soc. 62 (1966), 541. 

P. D. S. Verma, Int. J. Engg. Sci. 24, (1980), 1066-73. 


bh wn = 


ERRATA 


Approximation of a function by the F(a, g) transform of its Fourier series 


page 
369 
370 


371 


Bie 


Bois 


375 


376 


377 


line 
9 
3 
10 
16 
1 t 
5 
24 


1 t 


7 
10 
at 
1 ft 


O37. 


87 
3f 
24 
2 t 
2 t 
1 t 
8 


f 


6 t 
3.T 


by 


M. S. RANGACHARI AND S. A. SgetTTu 
Indian J. pure appl. Math., 19 (4): 369-383, April 1988 


for 
Kreisverfahran 
q (q, k) 
(1,8) 
ne 
wf > w 
n/m+4 
(p + k) 
k 
S?, (x) =f (x) 


3y/2 
[en tas 
BY ot 


cna 


0 of) 
PROOG 
sin (m + 4) ¢ | 
(t) 
v(m) —uu (m) 
sin 
(m+ )tdt=t+ htht+htl, 
exp —mt*!4a) 
VMo (= 
pg-*® = 1 — fe“ 


(‘+ y < exy (— Apt’) 


fe 


read 
Kreisverfahren 
g& (9, k) 
(1.8) 
V2 
Of LO 


aj(m + 4) 
+k 
aie 
S, (x) —f@) 
$—y¥ 
rg 


agit! 


eA 


ce (Ga) 
PROOF 
| sin(m + 4) 7 | 
t 
v(m) —u (m) 
sin (m + 4) tdt 
= 1,41,4+h+h4+1; 
exp (— mt?/4a) 


vao( E) 


(1+ a ks 


pe-'e — 1 =e Be 


aid i < exp (—Apt?) 





p 


378 


379 


380 


382 


3 
1,2 


4} 





$x (t) 
g (d, k) 


7) 
ao--— 
m 


J 


| | dx (t) 
t 
exp (aq°’Y"? 
ae 

msk&+my 


1/m 


f 


gee 
(athe 


exp (—Ap + 1) [6 (p)}) 





aa 

exp (—tp8 (445 y) 
S, 

| dx(t) | 

g (q, k) 


(ag 
oti! tee 
m 
[ | dx (t) | 
Pa Pa ocd 0, 
t 
0 
exp (—aq?’") 
>> 
mSkam+my 


1/m 


Cae) 


lax) 


exp (— A (p + 1) [b (p))’) 


SUGGESTIONS TO CONTRIBUTORS 


The INDIAN JOURNAL OF, PURE AND APPLIED MATHEMATICS is devoted primarily to Spey te 
research in pure and applied rein a oe 


Sammngea jee should be typewritten: double-spaced with sufficient margins (including 
abstracts, references, etc.) on one side of durable white paper. The initial page should contain the 
title followed by author’s name and full mailing address. The text should include only as much as 


is needed to provide a background for the particular material covered: Manuscripts should be 
submitted in triplicate. bar? ’ 


The author should provide a short abstract, in triplicate, not exceeding 250 words, summarizing . 
the highlights of the principal findings covered in the paper and the scope of research. 


References should be cited in the text by the arabic numbers in superior. List of references 
should be arranged in the arabic numbers, author’s name, abbreviation of Journal, Volume ‘number 
(Year) page number, as in' the sample citation given below : . 
For Periodicals x : Mt 

Le a om | F ene Fund. Math. 34 (1947) 278. 


- 


: For Books ath * 


2: H. Rund, The Differential Gooner of Finsler Spaces, Sodtga verlag, ro @ (1973) 
p. 283. 


Abbreviations for the titles of the periodicals should, in general, jo to the World List of 
¢ Scientific Periodica Is. . 


All mathematical expressions should be written clearly including the distinction between capital 
and small letters. Clear distiaction between upper and lower cases of c, p,k, z,s, Should be made 
while writing the expression in hand. Also distinguish between the letters such as ‘Oh’ and 
‘zero’; (el) and 1 (one); v, V and v (Greek nu);r andy (Greek gamma); x, X and x (Greek chi); 
k, K and « (Greek kappa); Greek letter lambda (A) and symbol for vector product (A); Greek 
letter epsilon (¢) and symbol for ‘is an element of? (GE). The equation numbers are to be placed 
at the right-hand side of the page. The name of the Greek letter or symbol should be written in 
the margin the first time itis used. Superscripts and subscripts should be simple and should be 
placed accurately. 


Line drawings should be made with India ink on white drawing paper or tracing paper. 
Letterings should be clear and large. Photographic prints should be glossy with strong contrast. 
All illustrations must be numbered consecutively in the order in which they are mentioned in the 
text and should be referred to as Fig. or Figs. . Legends to figures should be typed ona separate 
sheet and attached at the end of the manuscript. 


Tables should be typed separately from the text and placed at the end of the manuscript. Table 
headings should be short but clearly descriptive. 


Proofs should be corrected immediately on receipt and returned to the Editor. If a large 
number of corrections ate made in the proof, the author should pay towards composition charges. 
In case, the author desires to withdraw his paper, he should pay towards the composition charges, 
if the same is already done. 


For each paper, the authors will receive 50 reprints free of cost. Order for extra reprints 


should be sent with corrected page proofs. 


Manuscripts, in triplicate, should be submitted to the Editor of Publications, Jndian Journal of 
Pure and Applied Mathematics, Indian National Science Academy, Bahadur Shah Zafar Marg, 


New Delhi 110002 (India). 


RN 19797/70 Regd. No. D-(C)-774 


e f ; 
INDIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — 


No. 7 July 1988 we Volume 19 


CONTENTS 
Page. 


New measures of directed and symmetric-divergence based on m probability 
distributions by J. N. Kapur and G, P. TRIPATHI ni NV pee tle ee AP 


Fixed point theorems for some non-self mappings by B. E. RHOADES ei 627 


‘Characterizations of TJ-spaces using generalized V-sets by H. MaAkt, 


J. UMEHARA and K. YAMAMURA Me, Po we: Cae Te 634 
Goldie’ modules by KHANINDRA CHANDRA CHOWDHURY pepe "a 641- 
Regular rings by C. JAYARAM ek wh pace Es AY ‘ 653 
A note on Bihari type inequalities in two independent variables by 

R. P. SHastri and D.Y. KASTURE eas ane. Mes a) 
Absolute summability factors for infinite series by Husgytn Bor or 664 
On the Integrals of BMOA functions by N. DANIKAS - | Pare ere 672 


A class of exact solutions in plane rotating MHD fluid flows by H. P. Sincu bee 
and D. D. TRIPATHI “+ nee eT StS +S 677 


Hall effects on unsteady MHD free and forced convection flow in a porous 
rotating channel by R. SivaprAsap, D. R. V, PrasapD RAO and 
D. V. KrisHNA Aa a Ms Nf io 688 


Higenfunction expansion method to Thermoelastic and magneto-thermo- 3 
elastic problems by N. C. Das, P. C. BHAKTA and S. DaTTa Ne 697 


Magneto-elastic transverse surface waves in self-reinforced elastic solids by 
P, D. S. VerMA, O. H. RANA and MEENU VERMA ___... Re 713 
a nf F . 


Published and Printed by Dr O. N. Kaul, Executive Secretary, Indian National Science Academy, 
Bahadur Shah Zafar Marg, New Delhi 110002, at Leipzig Press, D-52, N.D.S.E. Part I 
New Delhi 110049, Ph. 622490 


